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Abstract Speculative bubbles have played an important role ever since in financial
economics. During an ongoing bubble it is relevant for investors and policy-makers
to know whether the bubble continues to grow or whether it is already collapsing.
Prices are typically well approximated by a random walk in absence of bubbles, while
periods of bubbles are characterised by explosive price paths. In this paper we first
propose a conventional Chow-type testing procedure for a structural break from an
explosive to a random walk regime. It is shown that under the null hypothesis of a
mildly explosive process a suitably modified Chow-type statistic possesses a standard
normal limiting distribution. Second, a monitoring procedure based on the CUSUM
statistic is suggested. It timely indicates such a structural change. Asymptotic results
are derived and small-sample properties are studied via Monte Carlo simulations.
Finally, two empirical applications illustrate the merits and limitations of our suggested
procedures.
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1 Introduction

Speculative bubbles have a long history in stock, commodity and real estate markets.
They are often considered to be responsible for severe economic crises such as the
speculative excess on stock prices prior to the great depression from 1930–1933 or
the recent financial crisis of 2007–2008 that was preceded by the US housing bubble.
All bubbles are characterised by an explosive path of the underlying market prices,
whereas in “normal times”, prices are well approximated by a random walk process.
A standard model to rationalise the occurrence and persistence of speculative bubbles
is the framework of rational bubbles [see, e.g., Blanchard and Watson (1982)]. In such
models it is economically rational to invest in an obviously overpriced asset as long as
the investor asserts that the price continues to rise at an exponential rate. An alternative
approach is adapted by Froot and Obstfeld (1991). It is based on the concept of intrinsic
bubbles. This framework directly links the evolution of the bubble to fundamentals
like dividend payments.

A natural empirical approach to identify the start of speculative bubbles is there-
fore the application of tests for a structural break from a random walk to an
explosive regime. Such tests were originally proposed by Phillips et al. (2011c)
and further developed by Phillips et al. (2011a,b), Phillips and Yu (2011) and
Homm and Breitung (2012). Kruse and Frömmel (2012) consider a CUSUM of
squares-based test for a structural break in the fractional differencing parameter for
the dividend-price ratio instead. A collapse of a bubble can be detected by testing for a
structural break from an explosive regime to a random walk. Phillips et al. (2011c) iden-
tify the dates of the emergence and the collapse of the bubble by the time period where
the sequence of right-tailed recursive Dickey–Fuller (DF) tests crosses the critical level
from below and from above, respectively. Their analysis suggests that the so-called dot-
com bubble starts at July 1995 and ends March 2001. As shown by Homm and Breitung
(2010) the identification of break dates suggested by the recursive testing approach
suffers from a built-in time delay that may be sizable in small and moderate sample
sizes.1

The inherent time delay is particularly relevant when date-stamping the burst of
the bubble. Assume that some price series exhibits a very substantial and sustainable
bubble process. In this case, the recursive DF statistic will be driven far above the
critical value. When the bubble process comes to an end, the DF statistic starts to
decrease gradually towards the critical value. Some periods later, it falls below the
threshold. This is nicely illustrated by Fig. 3 of Phillips et al. (2011c). The sequence
of DF statistics reaches its maximum already October 2000 but it requires another five
months until the statistic falls below the critical value in March 2001.

1 Phillips et al. (2011c) suggest critical values that slowly tend to infinity in order to ensure that the break
dates are estimated consistently. In finite samples, however, the distribution of estimated break dates is
severely skewed leading to a considerable delay of 5–15 periods [cf. Homm and Breitung (2010)].
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When bubbles burst 913

In this paper we consider tests for a collapsing bubble that attempt to avoid the
delay in detecting the burst of the bubble. Following Homm and Breitung (2012) we
consider two different approaches. First, a conventional Chow type testing procedure
for a structural break from an explosive to a random walk regime is proposed. Note that
in this framework we assume an explosive process under the null hypothesis, whereas
Phillips et al. (2011c) and Homm and Breitung (2012) consider the null hypothesis that
the series is a random walk. Accordingly, both approaches are not directly comparable
as the approach suggested by Phillips et al. (2011c) does not control the size of the
bubble hypothesis. Second, we propose a monitoring procedure based on the CUSUM
statistic that timely indicates a change from an explosive to a random walk process.

The paper is organised as follows. The testing framework is developed in Sect. 2.
It is argued that if the series is composed of (i) a fundamental component that exhibit
the martingale property and (ii) a bubble process that is governed by a mildly explo-
sive autoregressive process [in the sense of Phillips and Magdalinos (2007)], then
the resulting process has an explosive ARIMA(1,1,1) representation. Moreover, it is
argued that this process can be reasonably well approximated by a simple autoregres-
sive process of finite order. In Sect. 3 the LM version of the Chow test for a structural
break is analysed. It is shown that the Chow test has a degenerate limiting null distri-
bution. We therefore propose a modified test statistic that is shown to have a standard
normal limiting distribution. A monitoring procedure based on the CUSUM statistic
is considered in Sect. 4 and in Sect. 5 we propose to estimate the unknown break date
using a maximum likelihood (ML) approach. The empirical size and power proper-
ties of alternative test statistics are compared in Sect. 6 and two applications to the
NASDAQ 100 and Hang Seng stock price indexes are presented. Section 7 concludes.

2 Testing framework

The stock price is decomposed as Pt = P f
t + Bt , where the fundamental value of the

stock is represented by the present value of the expected stream of dividends (Dt+i ):

P f
t =

∞∑

i=1

1

(1 + r)i
Et (Dt+i )

and the (rational) bubble component which is characterised by

Et (Bt+1) = (1 + r)Bt , (1)

where r is the risk free rate which is assumed to be constant. Following earlier work
starting with Bachelier (1900) we assume that the fundamental price is a martingale
process with

Et (P
f

t+1) = P f
t .

There are two possible rationales to motivate this assumption. First, assuming that Dt

is a random walk with drift
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914 J. Breitung, R. Kruse

Dt+1 = μ+ Dt + εt+1

it follows that

P f
t = (1 + r)μ

r2 + 1

r
Dt

and, thus, the fundamental value of the stock is also characterised by a random walk
with drift.

In many application the sampling frequency of the stock price is higher than the
dividend periods. Assume for example that dividends are payed out annually, whereas
stock prices form a monthly series. Accordingly, the dividend series Dt is zero in
eleven out of 12 months. Accordingly, the change in stock price during periods without
dividend payment is solely due to the update of expectations about the future stream
of dividends. It follows that without dividend payment the updates of the expectations
from period t to t + 1 form a martingale difference sequence with

Et (P
f

t+1 − P f
t ) = 0

and, thus, P f
t can be represented by a random walk.2

It is important to note that the expected bubble premium Et (Bt+1 − Bt ) includes a
premium for a possible collapse of the bubble. Denote the probability that the bubble
continues by 0 < π < 1, whereas the probability of a bubble crash is 1−π . It follows
that condition (1) becomes πEt (Bt+1) = (1 + r)Bt implying

Et (Bt+1) = 1 + r

π
Bt ≡ �Bt

with � > r [cf. Blanchard and Watson (1982)]. Based on this framework the stock
prices can be represented as

Pt = δt Bt + P f
t , (2)

where δt is an indicator function that is equal to one if a bubble is present and zero
otherwise. Our empirical testing strategy for identifying a bubble crash is equivalent
to testing for δ[τT ]+κ = 0 (κ = 1, 2, . . .) conditional on δ[τT ]−s = 1 for s = 0, 1, . . ..
Let [a] indicate the integer part of a. In our notation τ ∈ (0, 1) represents the break
period relative to the sample span, i.e., τ = 0.5 means that the break occurs in the
first period of the second half of the sample. The actual break date measured by the
absolute time scale is [τT ].

The bubble regime is characterised by an explosive ARIMA(1,1,1) series with

(1 − �L)(1 − L)Pt = (1 − L)ut + (1 − �L)εt (3)

2 Note that on exchange markets the stock price immediately adjusts for dividends so that the price represents
the ex dividend price of the share. It follows that in periods with dividend payment the ex dividend price
also have the martingale difference property.
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Table 1 Implied MA coefficient of ηt

� λ2 = 0.5 λ2 = 1 λ2 = 2 λ2 = 5 λ2 = 10

1.005 0.9955 0.9965 0.9978 0.9990 0.9995

1.010 0.9911 0.9930 0.9955 0.9980 0.9990

1.015 0.9868 0.9895 0.9933 0.9971 0.9985

1.020 0.9824 0.9860 0.9911 0.9961 0.9980

1.025 0.9781 0.9826 0.9889 0.9951 0.9975

Entries report the implied MA coefficient β for ηt = (1 − �L)(1 − L)Pt = νt − βνt−1 in (3)

where ut and εt denote the innovation of the bubble process and the fundamental price,
respectively. After a bubble crash (indicated by switch from δt = 1 to δt+1 = 0) the
price series follows a random walk process with (1−L)Pt = εt . Accordingly, our strat-
egy is to test for a structural break from an explosive regime in periods 1, 2, . . . , [τT ]
to a random walk process in the subsequent periods [τT ] + 1, . . . , T .

It should be noted that the root of the MA polynomial of the bubble regime is
typically close to unity. The first order autocorrelation of ηt = (1−�L)(1− L)Pt can
be represented as

corr(ηt , ηt−1) = − 1

2 + θ
for t < [τT ]

with θ = (1 − �)2/(λ2 + �) and λ2 = σ 2
u /σ

2
ε . A unit MA coefficient results if θ = 0

(resp. � = 1). For a monthly series the range of plausible values is � ∈ [1.005, 1.025]
yielding a bubble premium between 6 and 30 percent a year. Table 1 presents the
implied MA coefficient of the MA(1) representation for various reasonable values
of � and λ. It turns out that the implied MA coefficients is typically very close to
unity and therefore the usual estimation procedures (nonlinear least-squares or ML
estimators) may perform poorly [eg. Davis and Dunsmuir (1996)]. Therefore, we
refrain from estimating the ARIMA(1,1,1) representation and consider a convenient
but nevertheless reliable approximation.

To derive an approximation of the stochastic process within the bubble regime we
follow Phillips et al. (2011c) and represent the bubble process as a mildly explosive
process with

Bt =
(

1 + c

T γ

)

︸ ︷︷ ︸
= �

Bt−1 + ut with 0 < γ < 1.

In empirical applications it is not very likely that the bubble runs more than 5 years
(or 60 months), say. In such small samples it makes sense to express the deviation of
the autoregressive parameter from unity relative to the sample size T . For example,
in a sample with T = 60 the bubble parameter of � = 1.02 results for c = 0.43 and
γ = 0.75. Using this representation, it is possible to assess the relative magnitude of
the bubble and fundamental component. Note that
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916 J. Breitung, R. Kruse

(1 − �L)Pt = ut + εt − c

T γ
P f

t−1.

Since P f
t−1 is Op(

√
T ) it follows that for 0.5 < γ < 1 the stock price can be

approximated by an mildly explosive AR(1) process as T → ∞. Since it is not very
likely that the bubble runs for a long time span, the test is typically performed using
fairly small sample sizes. Therefore, the asymptotic properties may be unreliable in
relevant sample sizes (eg. T = 60 months). It is thus reasonable to allow for some
serial correlation in the residuals et of the first order autoregressive representation
yt = �yt−1 + et for a time series of prices yt .

3 Test statistics

In the previous section we argue that the collapse of a speculative bubble can be
represented by a change from an explosive regime to a random walk. Accordingly, we
consider alternative tests for a structural break in the autoregressive parameter.

The first statistic is the LM version of Chow (1960) test statistic [cf. Krämer and
Sonnberger (1986)], which is asymptotically equivalent to the t-statistic for φ = 0 in
the regression3

yt = �yt−1 + φyτt−1 + et t = 2, 3, . . . , T, (4)

where

yτt =
{

0 for t = 1, . . . , [τT ]
yt for t = [τT ] + 1, . . . , T

and τ ∈ (0, 1) denotes the break date measured relative to the sample size. Let ẽ0
t

denote the residual computed under the null hypothesis φ = 0, i.e., ẽ0
t = yt − �̂0 yt−1,

where

�̂0 =
∑T

t=2 yt yt−1∑T
t=2 y2

t−1

.

The LM test statistic for φ = 0 results as

ψτ =
∑T

t=[τT ]+1 ẽ0
t yt−1√

1
T −1

∑T
t=2(ẽ

0
t )

2
√∑T

t=[τT ]+1 y2
t−1

. (5)

It is well known that if yt is stationary (i.e. |�| < 1) this test statistic has a standard
normal limiting distribution under the null hypothesis φ = 0. If � = 1 the asymptotic

3 To simplify the exposition we neglect a possible constant or time trend in the autoregressive representation.
In our empirical examples a constant is included.
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null distribution of the test statistic is nonstandard and can be represented as a func-
tional of Brownian motions [cf. Homm and Breitung (2012)]. For the case of a mildly
explosive process Theorem 1 states that the test statistic has a degenerate limiting null
distribution. It is, however, possible to modify the test statistic such that its limiting
distribution is standard normal.

Theorem 1 Let yt be generated by a mildly explosive process with yt = �yt−1 + εt ,

εt
i id∼ (0, σ 2), � = 1 + c/T γ , c > 0 and 0 < γ < 1. As T → ∞,

ψτ
p→ 0.

The modified test statistic

ψ∗
τ =

∑T
t=[τT ]+1 ẽ0

t yt−1
√

1
[τT ]−1

∑[τT ]
t=2 (ẽ

0
t )

2
√∑[τT ]

t=2 y2
t−1

(6)

possesses a standard normal limiting distribution for all τ ∈ (0, 1).

Proof See Appendix.

Three remarks are in order. 	

Remark 1 The finding that the LM Chow statistic converges to zero in probability
may appear counterintuitive. We provide an illustration for this surprising result. As
shown in the proof of this theorem the numerator can be written as

T∑

t=[τT ]+1

ẽ0
t yt−1 =

T∑

t=[τT ]+1

εt yt−1 − κT (τ )

T∑

t=2

εt yt−1,

where

κT (τ ) =
∑T

t=[τT ]+1 y2
t−1∑T

t=2 y2
t−1

.

As T → ∞ the factor κT (τ ) converges in probability to one for all τ ∈ (0, 1) and,
therefore,

T∑

t=[τT ]+1

ẽ0
t yt−1 ≈ −

[τT ]∑

t=2

εt yt−1.

This shows that the sum of squares in the denominator of the test statistic should run
from 2 to [τT ] instead of [τT ] + 1 to T in order to obtain a non-degenerate limiting
distribution. The limiting normal distribution is then obtained by using results of
Phillips and Magdalinos (2007).
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918 J. Breitung, R. Kruse

Remark 2 Note that the residual variance is estimated by using the observations of
the first regime. This is due to the fact that under the alternative the residual variance
of the second regime tends to increase exponentially which would imply a substantial
loss of power.

Remark 3 The behavior of the LM Chow statistic in the explosive AR model car-
ries over to the usual Wald (or LM) version of the Chow test. It is well known that
the alternative test statistics differ only in the estimator for the error variance. The
LM statistic is computationally convenient as the same estimator of the residual vari-
ance is used to compute the test statistic for a range of possible break dates. Using
the results of the proof it is straightforward to show that under the null hypoth-
esis the usual residual variance estimator computed from the residuals of regres-
sion (4) is asymptotically equivalent to the variance estimator employed for the LM
statistic.

As argued in Sect. 2, a series that is decomposed into an explosive and a random walk
component possesses an ARIMA(1,1,1) representation. It follows that approximating
the series by an (explosive) AR(1) process implies that the errors are autocorrelated.
To adjust for this serial correlation, HAC standard errors are employed [cf. Newey and
West (1987)]. Let

V̂�(τ ) = γ̂0(τ )+ 2
�∑

j=1

w j γ̂ j (τ )

where w j = (�+ 1 − j)/(�+ 1) and

γ̂ j =
[τT ]∑

t= j+1

ẽ0
t ẽ0

t− j yt−1 yt− j−1.

The HAC version of the test statistic results as

ψ̃∗
τ =

∑T
t=[τT ]+1 ẽ0

t yt−1√
V̂�(τ )

. (7)

To investigate the small sample properties of the alternative test statistics for the
composed series yt = Bt +P f

t , where Bt = �Bt+1+ut and P f
t = P f

t−1+εt , we obtain

the components by generating the error process as εt
i id∼ N (0, 1) and ut

iid∼ N (0, σ 2
u ).

Note that the variance ratio λ2 = σ 2
u /σ

2
ε measures the relative importance of the

bubble. It is assumed that the bubble crashes at period T0 = [τ0T ]. The (mildly
explosive) autoregressive parameter is determined as � = 1+c/T 3/4. Table 2 presents
the rejection frequencies of alternative tests for a structural break in the autoregressive
coefficient at period [τ0T ]. The original LM Chow statistic ψτ0 is computed as in
(5). The modified version ψ∗

τ0
is presented in Eq. (6) of Theorem 1. Finally, the HAC

version ψ∗
τ is computed using Schwert’s (1989) rule � = [4(T/100)1/4]. This version
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Table 2 Actual size for various bubble processes

τ0 = 0.5 τ0 = 0.75

c ψτ0 ψ∗
τ0

ψ∗
τ0
(4) ψτ0 ψ∗

τ0
ψ∗
τ0
(4)

Large bubble: λ = 10

0.5 0.0062 0.0308 0.0198 0.0129 0.0167 0.0137

1 0.0016 0.0284 0.0144 0.0036 0.0247 0.0157

2 0.0000 0.0331 0.0156 0.0001 0.0400 0.0197

3 0.0000 0.0410 0.0139 0.0000 0.0535 0.0202

4 0.0000 0.0531 0.0094 0.0000 0.0631 0.0168

5 0.0000 0.0596 0.0076 0.0000 0.0672 0.0092

Moderate bubble: λ = 1

0.5 0.0099 0.0227 0.0139 0.0189 0.0115 0.0082

1 0.0018 0.0197 0.0078 0.0065 0.0216 0.0124

2 0.0000 0.0455 0.0134 0.0005 0.0972 0.0591

3 0.0000 0.1210 0.0408 0.0000 0.1978 0.1370

4 0.0000 0.1834 0.0696 0.0000 0.2613 0.1731

5 0.0000 0.2338 0.0775 0.0000 0.2816 0.1616

Small bubble: λ = 0.1

0.5 0.0224 0.0168 0.0114 0.0384 0.0063 0.0052

1 0.0146 0.0182 0.0128 0.0352 0.0067 0.0049

2 0.0023 0.0040 0.0019 0.0064 0.0138 0.0020

3 0.0001 0.0139 0.0003 0.0004 0.1691 0.0735

4 0.0000 0.1104 0.0054 0.0000 0.2798 0.1725

5 0.0000 0.2211 0.0272 0.0000 0.3225 0.1882

Entries are the rejection frequencies for 10.000 replications of the process yt = Bt + Ft with λ = σu/σε .
The sample size is T = 100 and the nominal size is 0.05. ψτ0 denotes the LM Chow statistic and ψ∗

τ0
(4)

employs HAC standard errors using Schwert (1989) rule with factor 4. The autoregressive coefficient is
� = 1 + c/T 0.75

is indicated as ψ̃∗
τ0
(4). The nominal size of the test is 0.05 and the sample size is

T = 100.
The results reported in Table 2 generally confirm the asymptotic results of Theo-

rem 1. For larger values of c, the actual sizes of the original LM Chow statistic tend to
zero, whereas the modified statisticψ∗

τ0
performs reasonably well, at least if the series

exhibits a sizable explosive component. On the other hand, if the explosive bubble
process is not dominating, the approximation by an AR(1) process gives rise to severe
size distortions. In these cases, the HAC version ψ̃∗

τ0
(4) performs better but it still

suffers from size distortions in particular if c is large and break date is located towards
the end of the sample. It should be noted, however, that empirically realistic values of
the explosive parameter are around c = 1 (yielding � = 1.032), where the statistics
ψ∗
τ0

and ψ̃∗
τ0
(4) perform acceptable (albeit conservative).

Theorem 1 assumes that the break date [τT ] is known. In practice, the date of
the bubble crash is usually unknown. The conventional approach is to consider all
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Table 3 Critical value for the minimum Chow statistic

τ c = 0.5 c = 1 c = 2 c = 3 c = 4 c = 5 indep.

T = 60

0.05 –2.755 –2.823 –2.898 –2.926 –2.964 –2.998 –3.106

0.10 –2.699 –2.770 –2.823 –2.899 –2.971 –2.948 –3.071

0.15 –2.729 –2.745 –2.821 –2.881 –2.935 –2.999 –3.031

T = 200

0.05 –2.934 –2.965 –3.055 –3.126 –3.176 –3.188 –3.254

0.10 –2.877 –2.925 –3.303 –3.108 –3.141 –3.161 –3.220

0.15 –2.851 –2.885 –3.014 –3.045 –3.103 –3.129 –3.182

Critical values of the min(LM-Chow) statistic, where the test is computed for τ ∈ [τ , 1 − τ ]. The column
labeled as “indep.” indicates the critical values obtained by assuming that all statistics are independent
standard normal random variables

possible break dates within some pre-specified interval and compare the maximal
(here: minimal as we consider a one-sided test version) statistic to an appropriate crit-
ical value. An important problem with this approach is that in our case the limiting
distribution of the minimum statistic depends on the parameter c in the autoregres-
sive coefficient � = 1 + c/T γ . For small values of c the sequence of test statis-
tics is highly autocorrelated. If c increases, the correlation of the test statistics tends
to zero as the weight on the last observation increases exponentially with c. Since
this parameter cannot be estimated consistently (which is typical), the suitable crit-
ical value is unknown. For illustration, Table 3 presents the 0.05 critical values for
T ∈ {60, 100}, γ = 3/4, a search in the interval [τ , 1 − τ ], and various values of
c. As expected, the critical values depend on the parameter c. As a benchmark, the
last column of the table presents the 5 % critical value of the minimum of (1 − 2τ)T
independent N (0, 1) distributed random variables. It turns out that for large values
of c the sequence of test statistics behave like a sequence of independent and identi-
cally distributed standard normal random variables. Therefore, we suggest to use the
α-quantile of the minimum of nτ = [(τ u − τ �)T ] independent standard normally
distributed random variables as an approximation for the critical value, where the
search interval is τ ∈ [τ �, τ u]. For a significance level α, the critical value can be
computed as

cα = �−1
z

(
1 − (1 − α)1/nτ

)
, (8)

where �−1
z (a) denotes the inverse of the c.d.f. of the standard normal distribution.

The resulting test is somewhat conservative for small values of c.

4 Monitoring based on the CUSUM statistic

Provided that the bubble collapses at the end of the sample, the forecast version of
the Chow test may be preferable. Assume that we want to assess the evidence against
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When bubbles burst 921

the bubble process within a monitoring exercise [cf. Chu et al. (1996) and Homm
and Breitung (2012)]. To this end, we split the sample into a training (sub)sample
t = 1, . . . , [τT ] and a monitoring (sub)sample with t = [τT ] + 1, . . . , T . The
training sample is merely employed for estimation but not for the monitoring exercise.
Recursive forecast errors are computed for the monitoring sample. If the explosive
process switches to a random walk, the forecast errors tend to be negative. Accordingly
the crash of a bubble is indicated by high negative cumulated forecast errors.

Let [τT ] be the number of observations in the training sample and denote by
n = [(1 − τ)T ] the number of monitoring periods. The CUSUM statistic is computed
as

φτ (k) = 1√
n v̂2

e

[τT ]+k∑

t=[τT ]+1

ẽτt , for k = 1, 2, . . . , n,

where ẽτt = yt − �̂t−1 yt−1 denotes the forecast residual4 and �̂t−1 denotes the
least-squares estimator of the autoregressive coefficient based on the observations
y1, y2, . . . , yt−1. The residual variance is estimated from the training sample as

v̂2
e = 1

[τT ]
[τT ]∑

t=2

(yt − �̂[τT ]yt−1)
2.

If the AR(1) process is correctly specified (e.g. if yt is identical to the bubble process),
then ẽτt forms a martingale difference sequence with respect to the increasing sigma-
field generated by {yt , yt−1, . . . , y1} and, therefore, as n → ∞

φτ (k) ⇒ W (r),where r = k

n
.

Following Chu et al. (1996) and Homm and Breitung (2012) the monitoring procedure
is based on the decision rule

reject H0 if φτ (k) < −ζτ
√

k for k = 1, 2, . . . , n (9)

where ζτ = √
bα + log(1 + k/[τT ]). As in Homm and Breitung (2012) we use b0.05 =

4.6 for a significance level of 0.05.
An important advantage of this approach compared to testing approach based on the

Chow statistic is that the decision rule (9) does not depend on the unknown parameter
c in the sequence of mildly explosive autoregressive coefficients. A serious drawback
of this approach is, however, that the ARIMA(1,1,1) representation for the composed
price process yt = Bt + P f

t is approximated by a AR(1) process and, thus, its forecast
residuals are correlated. This may lead to severe size distortions. To cope with this

4 As pointed out by Ploberger and Krämer (1992), the forecast residuals can be replaced by the ordinary
(in-sample) residuals. In the explosive model, however, the distribution of the cumulated residuals depends
on the unknown parameter c. We therefore do not consider the OLS CUSUM approach in what follows.
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922 J. Breitung, R. Kruse

Table 4 Actual sizes of the monitoring approach

λ = 10 λ = 1 λ = 0.1

c M(1) M(6) M(1) M(6) M(1) M(6)

T = 60

0.5 0.0360 0.0452 0.0498 0.0479 0.0405 0.0495

1 0.0430 0.0531 0.0496 0.0603 0.0521 0.0564

2 0.0481 0.0620 0.1030 0.1004 0.1701 0.1682

3 0.0535 0.0695 0.1912 0.1233 0.2361 0.1712

4 0.0617 0.0839 0.2635 0.1308 0.2960 0.1420

5 0.0836 0.0760 0.3018 0.1264 0.3437 0.1189

c λ = 10 λ = 1 λ = 0.1

M(1) M(8) M(1) M(8) M(1) M(8)

T = 100

0.5 0.0398 0.0503 0.0449 0.0560 0.0375 0.0460

1 0.0416 0.0511 0.0516 0.0554 0.0616 0.0605

2 0.0488 0.0539 0.1220 0.1004 0.1806 0.1694

3 0.0502 0.0619 0.2246 0.1233 0.2686 0.1440

4 0.0607 0.0731 0.3014 0.1175 0.3263 0.1125

5 0.0736 0.0760 0.3471 0.1093 0.3599 0.0947

Rejection rates for the monotoring approach with a nominal significance level of 0.05 based on 10.000
replications

problem we approximate the ARIMA(1,1,1) process by an AR(p) process, where the
lag order increases with the sample size. Specifically we choose the lag order according
to the rule p = [√[τT ]].5 The monitoring statistic based on AR(p) forecast residuals
is denoted by M(p). Table 4 reports the actual sizes of the monitoring approach
referring to a nominal size of 0.05. The results suggest that the monitoring approach
performs well if the bubble component is large (λ = 10). For moderate (λ = 1) or small
(λ = 0.1) bubble components the approximation of the ARIMA(1,1,1) process by an
AR(p) process reduces the size distortions substantially, but still the test tends to reject
too often. Fortunately, the monitoring procedure works well in the empirically relevant
range of c ∈ [0.5, 1.5] so that in empirical applications the monitoring procedure is
likely to yield reliable results.

5 Dating the crash

As argued in Homm and Breitung (2012) the break date can be estimated consis-
tently by maximising the likelihood function. Conditional on the first observation,

5 We also tried out various other rules such as the ones suggested by Schwert (1989). Overall the square-root
rule performs best in our simulations.
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maximising the log-likelihood (assuming normally distributed innovations) is equiv-
alent to minimising the sum of squared residuals. Let

êτt = yt −
(∑[τT ]

t=2 yt yt−1
∑[τT ]

t=2 y2
t−1

)
yt−1 for t = 2, 3 . . . , [τT ]

êτt = yt −
(∑T

t=[τT ]+1 yt yt−1
∑T

t=[τT ]+1 y2
t−1

)
yt−1 for t = [τT ] + 1, . . . , T .

The ML estimator for the (relative) break date results as

τ̂ = arg min
τ

{
T∑

t=2

(êτt )
2

}
(10)

[eg. Bai (1994)]. In stationary regressions, minimising the residual sum of squares
is equivalent to maximising the F-statistic for a structural break. In Remark 2 we
have argued, however, that the usual Chow test for a structural break is invalid if the
process is (mildly) explosive. For the modified test suggested in Theorem 1 there is
no monotonic relationship between the statistic ψ∗

τ and the sum of squared residuals.
Therefore, the ML estimator for the structural break date cannot be obtained from
minimising ψ∗

τ with respect to τ . Accordingly, the estimator for the break date must
be computed as in (10).

6 Empirical applications

Before considering two empirical applications based on stock price indices we first
report the results of a “realistic” Monte Carlo experiment, where the parameters and
sample sizes are chosen to match the empirical examples. Specifically, we set the
autoregressive parameter to � = 1.02 (implying an annual return of the bubble of 24
percent) and the sample sizes are T = 69 (to match the Hang Seng data) and T = 121
(which corresponds to the NASDAQ data). Furthermore, a constant term is included
in the autoregressive representations. The truncation lag of the HAC kernel is set
according to Schwert (1989) rule with the factor 4. The lag length of the autoregressive
representation in the monitoring procedure is p = [√τT ]. The date when the bubble
collapses is assumed to be unknown and, therefore, the test procedure searches in the
interval τ ∈ [0.4, 0.8]. We follow Blanchard and Watson (1982) and impose that the
bubble continues with probability π in each period. Only bubbles that run at least for
[0.4T ] periods are included in the experiment. The critical value is computed as in
(8). For the monitoring procedure, test decisions are based on (9).

From Table 5 it be seen that the actual sizes of all tests are reasonably close to
the nominal size of 0.05. As expected, the power of the tests depends on the size
of the bubble (measured by the variance ratio λ2). Furthermore, if π is large, the
probability of a continuing bubble is large and, therefore, the tests will identify only
a small number of crashes. Hence, the rejection rates are expected to increase with a
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Table 5 Size and power in a realistic scenario

π Large bubble: λ = 10 Moderate bubble: λ = 1 Small bubble λ = 0.1

min ψ∗(3) M(5) min ψ∗(3) M(5) min ψ∗(3) M(5)

T = 69 1 (size) 0.0490 0.0625 0.0670 0.0780 0.0990 0.0735

0.98 0.3930 0.2420 0.3145 0.2175 0.1165 0.0925

0.96 0.6550 0.4420 0.5430 0.3855 0.1675 0.1175

0.94 0.7625 0.5640 0.6810 0.5070 0.2495 0.1775

0.92 0.8240 0.6630 0.7410 0.6085 0.3445 0.2815

0.90 0.8490 0.7285 0.8025 0.6895 0.4645 0.3575

π Large bubble: λ = 10 Moderate bubble: λ = 1 Small bubble λ = 0.1

min ψ∗(4) M(6) min ψ∗(4) M(6) min ψ∗(4) M(6)

T = 121 1 (size) 0.0100 0.0630 0.0100 0.0850 0.0860 0.0620

0.98 0.6280 0.4600 0.5430 0.4290 0.1560 0.1470

0.96 0.8150 0.6920 0.7570 0.6420 0.3350 0.3080

0.94 0.8730 0.7900 0.8410 0.7680 0.5140 0.4790

0.92 0.8950 0.8310 0.8760 0.7890 0.7050 0.6270

0.90 0.8960 0.8500 0.8880 0.8530 0.7970 0.7270

Entries report rejection frequencies for the minimum LM Chow statistics (with HAC standard errors) and
the monotoring procedure. The parameter π is the probability that the bubble continues in each period.
The nominal size is 0.05 and the tests search for a break in τ ∈ [0.4, 0.8]. The explosive parameter for the
bubble component is ρ = 1.02

decreasing probability π . Our results presented in Table 5 indicate that the tests are
able to indicate a crash of the bubble reasonably well. The test approach based on the
minimum LM Chow statistic tends to be more powerful than the monitoring approach
although the differences are not dramatic. Overall, the performance of our test appears
to be encouraging in realistic empirical applications that we will consider next.

The two applications we are studying are based on the real NASDAQ 100 index and
the real Hang Seng index. The data is analysed at a monthly frequency and the sample
runs from June 1993 to June 2003 (121 observations) for the NASDAQ index and from
November 2004 to July 2010 (69 observations) for the Hang Seng index, respectively.
For both series (see the Figs. 1a and 2a), the relative breakpoint varies between τl = 0.4
and τu = 0.8 which corresponds to the following intervals of potential breakpoints:
May 1997–June 2001 (NASDAQ) and January 2007–June 2009 (Hang Seng). It can
be seen from the figures that these intervals include periods were the bubbles are likely
to collapse.

In what follows, we include a constant in the test regressions and account for serial
correlation of the errors (i.e. HAC standard errors are used for the minimum Chow sta-
tistic and an autoregressive approximation is employed for the monitoring approach).
First, we summarise and discuss the results for the NASDAQ series (see Fig. 1a). Fig-
ure 1b presents the sequence of ψ̃∗

τ statistics for [0.4T ] + 1, . . . , [0.8T ]. The critical
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(a) Real NASDAQ Index with estimated break date
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Fig. 1 Time series plot of real NASDAQ index (a), HAC(4)-adjusted statistic (b), Monitoring statistic (c)

value for the minimum Chow statistic corresponding to the 0.05 significance level
equals –3.077 and is shown as a dotted line. The dashed-dotted line shows the critical
value –1.65 for the Chow test with known break date (see Theorem 1). It turns out that
the null hypothesis of no structural break in a mildly explosive autoregressive process
has to be rejected even if the break date is assumed to be unknown. The evidence
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(a) Real Hang Seng Index with estimated break date

2005 2006 2007 2008 2009 2010

40
00

60
00

80
00

(b) HAC(4)−adjusted statistic

2005 2006 2007 2008 2009 2010

−
5

−
4

−
3

−
2

−
1

0
1 HAC(4)−adjusted statistic

c.v. known breakpoint, 5%
c.v. unknown breakpoint, 5%

(c) Monitoring statistic

2005 2006 2007 2008 2009 2010

−
6

−
4

−
2

0
2 Monitoring statistic

c.v. 5%

Fig. 2 Time series plot of real Hang Seng index (a), HAC(4)-adjusted statistic (b), monitoring statistic (c)

for a structural change from an explosive process to a unit root is, however, not over-
whelming: the minimal statistic equals –3.228. The ML break estimate for the break
date yields March 2000, implying that the process became non-explosive from April
2000 onwards. When applying the date-stamping method proposed by Phillips et al.
(2011c), we find a bubble collapse in October 2000 which makes a difference of seven
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months.6 During these seven months, the real NASDAQ declined by 21.64 %. Figure
1c depicts the sequence of monitoring statistics φτ (k) for k = [τT ] + 1, . . . , T . This
test statistic becomes significant after December 2000. Note that the evidence for a
crash of the bubble is much stronger compared to the Chow test procedure. There is
however a substantial delay in identifying the crash which is comparable to the Phillips
et al. (2011c) approach.

Second, we briefly discuss the results for the real Hang Seng index. Figure 2 provides
similar information on the time series and test statistics. The ML estimate of the break
date is indicated by a vertical line. Overall we find similar, but more clear-cut results.
The minimum Chow statistic is –5.581, well below the critical value of –2.917. Similar
to the results for the NASDAQ, we find the break date (October 2007) is located right
after the peak in 2007. The sequence of monitoring statistics is presented in Fig. 2(c).
The statistic becomes significant in March 2008 which corresponds well with the date
where the recursive ADF statistic of Phillips et al. (2011c) fall below the critical value.

7 Conclusions

Explosive price paths are a typical feature of speculative bubbles. In a recent contribu-
tion, Phillips et al. (2011c) suggest a recursive right-tailed Dickey–Fuller test against
the explosive alternative. Their testing framework additionally allows date-stamping
of the start and collapse of a bubble. Unfortunately, their procedure exhibits an inherent
delay which can be sizable in small and moderate samples. In this study we propose
tests for collapsing bubbles which attempt to avoid the delay in detecting the burst of
the bubble. Under the null hypothesis, prices are mildly explosive while prices exhibit
a structural change from explosiveness to a random walk under the alternative. Our
theoretical results show that a modified Chow-type statistic exhibits a standard normal
limiting distribution under the null which eases its application. Even though this result
is derived for a fixed breakpoint, it turns out that in case of an unknown breakpoint and
for a large autoregressive coefficient, the distribution of the sequence of test statistics
behaves like a sequence of independent and identically distributed standard normal
random variables. Thus, relevant critical values can easily be found in the case of
unknown breakpoints as well. Another contribution is the proposal of a monitoring
procedure based on a CUSUM statistic. Simulation results confirm that the monitoring
procedure works well for parameter settings which are relevant in empirical situations.
Our applications to two stock price indices show that the newly suggested techniques
allow a timely identification of bursting bubbles in practice.
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6 Please note that this estimate differs from the one reported in Phillips et al. (2011c) as we consider a
sub-sample running from June 1993 to June 2003.
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Appendix: Proof of Theorem 1

(i) Under the null hypothesis we have

T∑

t=[τT ]+1

ẽ0
t yt−1 =

T∑

t=[τT ]+1

εt yt−1 + (� − �̂0)

T∑

t=[τT ]+1

y2
t−1

=
T∑

t=[τT ]+1

εt yt−1 −
(∑T

t=2 εt yt−1∑T
t=2 y2

t−1

)
T∑

t=[τT ]+1

y2
t−1

=
T∑

t=[τT ]+1

εt yt−1 −
(∑T

t=[τT ]+1 y2
t−1∑T

t=2 y2
t−1

)
T∑

t=2

yt−1εt

=
T∑

t=[τT ]+1

εt yt−1 − κT

T∑

t=2

yt−1εt ,

where

κT =
∑T

[τT ]+1 y2
t−1∑T

t=2 y2
t−1

.

We now show that κT = 1 − op(1). From Phillips and Magdalinos (2007) we have as
T → ∞

T∑

t=2

y2
t−1 = Op

(
�2T T 2γ

)

and, thus,

κT = 1 −
∑[τT ]

t=2 y2
t−1∑T

t=2 y2
t−1

= 1 − Op(�
2τT (τT )2γ )

Op(�2T T 2γ )
= 1 − Op

[
τ 2γ

(
�−2(1−τ)T )]

.

Using

lim
T →∞ �

−2(1−τ)T = lim
T →∞

[(
1 + c

T γ

)T γ /c
]−2(1−τ)cT/T γ

= lim
T →∞ e−2c(1−τ)T 1−γ → 0

for any γ < 1, it follows that κT
p→ 1.

In a similar manner it can be shown that

∑T
[τT ]+1 εt yt−1

∑T
t=2 εt yt−1

= 1 + op(1).
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Therefore,
∑T

t=[τT ]+1 εt yt−1 is Op
(
�T T γ

)
(cf. Phillips and Magdalinos (2007), The-

orem 4.3a). It follows that

�−τT

(τT )γ

T∑

t=[τT ]+1

ẽ0
t yt−1 = − �−τT

(τT )γ

[τT ]∑

t=2

εt yt−1 + op(1).

Using (τT )−1 ∑[τT ]
t=2 (ẽ

0
t )

2 p→ σ 2
u we obtain

ψτ =
∑T

t=[τT ]+1 ẽ0
t yt−1

σu

√∑T
t=[τT ]+1 y2

t−1

+ op(1)

= τγ
(
�−(1−τ)T ) �−τT

(τT )γ
∑T

t=[τT ]+1 ẽ0
t yt−1

σu

√
�−2T

T 2γ

∑T
t=[τT ]+1 y2

t−1

+ op(1)

= op(1),

and, therefore, ψτ converges to zero in probability as T → ∞ and c > 0.
(ii) From Theorem 4.3 of Phillips and Magdalinos (2007) it follows that7

�−τT

(τT )γ

[τT ]∑

t=2

εt yt−1 ⇒ XY

�−2τT

(τT )2γ

[τT ]∑

t=2

y2
t−1 ⇒ 1

2c
Y 2

for all 0 < τ < 1, where X and Y are independent N (0, σ 2
ε /2c) random variables.

Thus,

ψ∗
τ =

�−τT

(τT )γ
∑T

t=[τT ]+1 ẽ0
t yt−1

σε

√
�−2τT

(τT )2γ
∑T

t=[τT ]+1 y2
t−1

+ op(1)

⇒ XY
σε√
2c

|Y | =
√

2c

σε
sign(Y )X ∼ N (0, 1). 
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