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Abstract

This paper deals with some problems in the measurement of inequality when neg-
ative incomes are allowed. A helpful axiom is defined, called the Greatest Gets More
axiom. Using this axiom it can be shown that the properties of some inequality mea-
sures depends on whether there are negative incomes or not. In this paper for the
intermediate measures of Eichhorn and the centrist inequality measures of Kolm a
threshold value is given above which the Greatest Gets More axiom holds. Further-
more, a simple proof is given for the fact that there exists no function which fulfills
the three axioms Pigou-Dalton, homogeneity and additive invariance when the data
contain negative incomes.
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1 Introduction

Usually, negative incomes are excluded from the measurement of income inequality. This
only makes sense for some definitions of income. However, for other, broader, definitions
negative incomes are possible. For example, if income is defined as gross disposable income
(i.e., real earnings plus real capital income plus total nonfamily transfers less income tax),
gross factor income or real capital income (see Morgan et al. (1962), p. 494 and p.
498-500.).

Although there exists much literature about inequality measurement only a few authors
have contributed to the measurement of inequality in the case of negative income, see,
e.g., Chen et. al. (1982) and (1985), Berrebi and Silber (1985) and Arora et al. (1990).
These articles give a transformation of the Gini coefficient. They notice that the regular
Gini index is not normalized when some incomes are negative. Therefore, they transform
this function to fulfill this axiom. Arora et al. (1990) show the asymptotic distribution of
these transformations and proof them to be identical with that of the regular Gini index.
But what about other inequality measures or other properties of the Gini index such as
homogeneity? This axiom says that the inequality should not change when all incomes are
multiplied by the same constant, i.e., there is no difference whether income is measured
in US—dollar or DM. This paper shows some relations between the axioms of inequality
measures. With the help of these it is easy to see that there exists no function fulfilling
the axioms of Pigou—Dalton, homogeneity and additive invariance.

Section 2 gives some preliminaries and the axioms. The third section shows the interactions
between the axioms and how they change when negative incomes are considered. Section 4
prove the non-existence of functions which fulfill the Pigou—Dalton principle, homogeneity
and additive invariance. Some conclusions are drawn in the final section.

2 Axioms and Preliminaries

Let z = (z1,...,2,) be the vector of incomes. The elements of this vector are assumed
to be ordered, i.e., z; < ... < 2, because the order of the incomes does not change the
degree of inequality. Let the vector e = (1,...,1) be a n—dimensional vector of ones.

The following notation is used
R} = {zeR" : z; >0}
D_|_ — U IRZ;
n=2

D = [JR"
n=2

D* = U{xEIR”

n=2

Sai> 0}

=1
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Although negative incomes should be considered the set of all vectors in IR™ is restricted to
those whose sum is positive. This is done because looking at vectors with mostly negative
income is not suggestive.

Definition:

A function I : D* — R is an inequality measure if it fulfills the Pigou—Dalton principle,
i.e., if a richer person gives some of his or her income to a poorer person (so that the richer
is not poorer than the poorer was before) the inequality should fall.

In the following a transfer from a poorer to a richer person will be called an inverse Pigou—
Dalton transfer. From the above definition follows that an inverse Pigou—Dalton transfer
increases inequality.

Now some useful axioms of inequality measures are defined. The first axiom is the Pigou—
Dalton principle (PD) assigned in the above definition.

A further axiom is: If all elements of the vector # are multiplied by the same constant A > 0
than the inequality should not change. This means the inequality index is independent of
the unit in which the income is measured. This axiom is called homogeneity

(H) I(z)=I(\x) ¥A> 0.

Measures which fulfill (PD) and (H) are called rightist inequality measures according to
Kolm. Their counterpart are leftist inequality measures. The argument which is used here
is that the rich gets richer and the poor gets poorer if all vector elements are increased
by the same proportion. So the inequality should change. It would be even fairer if all
people get the same amount in absolute terms, i.e., to every element the same constant
should be added. In this case the inequality should not change. Hence leftist inequality
measures should fulfill the axiom of additive invariance

(AI) I(z)=1I(z+ de) Vé>0.

A leftist inequality measure is given in Kolm (1976a, b)

I(a(w) = éln [%Zea(l’_l’z)] .
=1

A compromise between these extremes are the intermediate inequality measures. They
are defined through the Pigou-Dalton principle and A invariance (see Eichhorn (1988),
Pfingsten (1988) and Bossert and Pfingsten (1990))

(M) I(2) = I(z+7(Az + (1 &N)e))

with 0 < A <1 fixed, 7 is any scalar such that 4 7(Az + (1 ©A)e) € R}. Obviously, this
requirement reduces to (H) for A = 1 and to (Al) for A = 0. Furthermore it allows some
intermediate value judgments, too.

Eichhorn (1988) shows that A-invariant functions for A €]0, 1] are of the form

Az 4 (1 ¢>/\)e) 7

Hz)=f ( AT+ (1eA)
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where f:R7\{0} — IR is an arbitrary function. Demanding the (PD) axiom reduces the
set of functions to all schur—convex functions f. Note that the Lemma of Eichhorn is also
true in the case of negative income because in the proof the positivity of the z—values is
not used.

Kolm (1976a, b) proposed a centrist inequality concept. The corresponding axiom is
(CI) Ia(z < pe) + Pe) = al(z)

with ©oo < § <0, a € R such that [a(y<pfe)+ fe) € D,. For f — oo (Cl) approaches
(Al). The drawback of this class is that for 5 = 0 not (H) but [(az) = al(z) is obtained
(see Kolm (1976a)).

Another helpful axiom is the Greatest Gets More axiom. Obviously the inequality rises
if the greatest income increases ceteris paribus. So the inequality index should rise if the
greatest ceteris paribus gets more, i.e.,

(GGM) I(z) < I(z1,....,2p_1,2,+ k) V& >0.
Let

Lq

n
2%
J=1

Y =

be the income share of the +—th unit. Then the Gini coeflicient can be written as

2 — 1
G(z) = ;Ziyﬂ:)l(:);.

=1
The first transformation proposed by Chen et al. (1982) is
G(2)

G*(2) = -
1+ 2% jy;
71=1

k

where k is defined in such a way that >~ y; = 0 and y; has to be greater than zero. In
=1 =1

most cases there is no k satisfying the first restriction. So Chen et al. (1982,1985) and

Berreby and Silber (1985) gave a generalization

n

- G(z)
G (2) = ;

k k Zyi
L+ 25 jyi+ 5 X v | = e+ 2k)

7=1 7=1 +1
k k+1 k

with k defined so that > y; < 0 and > y; > 0. Notice that for 3 y; = 0 both indices

=1 =1 =1

G*(z) and G**(z) are the same. A graphical interpretation is given in Chen et al. (1982).
All indices fulfill (H) because the income shares are invariant against multiplications of the
income with some constant. It is well known that the Gini index fulfills the Pigou—Dalton
principle.
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3 Relations between the axioms

The first Theorem in this section shows that if only positive values are allowed (GGM)
follows from (PD) and (Al). This includes that (GGM) follows from (PD) and (H) or from
(PD) and (AI) . In the second Theorem also negative values are considered. It shows that
the result of the first Theorem holds only for (PD) and (Al). For A €]0,1] all elements
of 2 have to be greater than a threshold value to implement (GGM). This value depends
only on the parameter A. This is also be done for (CI) and (PD). In this case the same
conclusion can be drawn.

Theorem (3.1)
Let I : Dy — IR.

(i) (PD) and (AI) = (GGM).
(i) (PD) and (CI) = (GGM).

Proof

(1):
Let A € [0, 1] be fixed. Take 1-|T-iA -100% with 7 > 0 of the n <1 poorest and give it to
the richest, i.e.,

— (1@ ) ) (1@ ) ) M nf » (3.2)
v= Tron) o Uy I T e &) ‘

=1

Because z can be created from y by n <1 Pigou-Dalton transfers the inequality of y is
higher than that of @, I(y) > I(z). Now take Tl(}l_;i) of the n &1 poorest and give it to
the richest, i.e.,

;L ( 1 ¢>7'(1¢>/\) 1 ¢>7'(1¢>/\)
y = 1—|—7'/\961 1—|—7'/\7'”71—|—7'/\96n_1 14727
D T(1&A)
n i 1)———= .
v +1—|—T/\;$ —I_(n@)l—l—rx\) (3.3)

with I(y’) > I(y) [> I(z)] following the same argument as in the first step. Using (AI) the
inequality of ¢’ and

B 1 T(1<A)
z = ((1—|—T/\) [1+T/\961¢>1_|_TA]—|—T(1¢>/\),...,

¢>7'(1 SA)
-1 1+ 7A

Tn,

(14 7)) [%

- ] +r(1eN), (3.4)

TA
14+7A“

K3

(1+7A) [xn_|_ - x4+ (n ﬁl)ﬁ] +7(1 ¢>/\))

= ($17...,$n_17$n—I—T/\Z$Z'—|—TLT(1 ¢>/\)) (3.5)

=1

= (@1,..,Tp1,2n + K) .
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with .
K=1AY a;+nr(led) >0 (3.6)
=1

is the same (I(z) = I(y')). Putting the three steps together gives
I(z) < I(2)

and every vector z can be transformed in this way. Because for every x > 0 with A, n and
n

> x; given 7 can be chosen so that x can be written as in (3.6). 7 has to be

=1

K
A f: z; +n(le)
=1

This is (GGM).
(ii):
With o > 1,

1 1 1 1 1 1 & 1
y o (_@M_ SHlea) 1 o Zw(n@l)m)

« « « « « o «
and

2 = oy +p(lea)e
= (21,..,Tp-1,%n + K)
with £ = (@ 1) Yz + nb(l a) > 0 (3.7)
=1

follows I(z) = al(y') > I(y') > I(z) by the arguments as in (i). And for every £ > 0 an
a > 1 can be found so that x can be written as in (3.7), i.e.,

K
o=———#¥——/=+1.

1

K3

But this is (GGM) and the proof is complete. 0

The result of Theorem (3.1) is that (GGM) holds for all intermediate and centrist measures,
especially for rightist and leftist inequality measures due to their definition. Before Theo-
rem (3.2) is shown, a short example. Let # = (<40, 10, 30, 60) and z = (<40, 10, 30, 70)
The values of the inequality indices are

G(z) = 13333  G(z) = 12500
G*(x) = 08421 G*(z) = 0.8333
Koa(z) = 48.0688 Koa(z) = 50.5688
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Notice that G*(z) cannot be calculated. It is obvious that G(z) violates (GGM). The
same holds to G**(z) the only difference to G'(z) being that the values are normalized.
Only the measure of Kolm orders the two vectors in the right way and fulfills (GGM).
This behaviour can be proved with Theorem (3.2).

Theorem (3.2)
Let I : D* — IR and X €]0,1]. Assume (PD) and (AI)

(i) (GGM) holds if

1<)
$1>¢>T

(i) (GGM) does not hold if
L&A

Tpo1 < @T

(i) (GGM) holds if A = 0.

Let I : D* —» R and f €] 00, 0]. Assume (PD) and (CI)

(iv) (GGM) holds if

$1>ﬁ
Proof
n=32
Let 21 < 0 and 7 > 0 . Look at
,_( o TA ¢>7'(1¢>/\) TA _I_T(l@/\))
y=" 1—|—7'A961 147X » %2 1—|—7'/\962 147X

If
TA T(1<A)

T
This is an inverse Pigou—Dalton transfer from z; to a3 = I(y') > I(2).

TA S T(1<A)
1—|—7'A961 14+7A

(1) <
This is a Pigou-Dalton transfer from 1 to 2 = I(y') < I(x)
With
2 = ¥y +17(M + (1 eN)e)
= (z1,22+ A2 + 22) +27(1 &N))

(see (3.5)) and the A-invariance follows:

(i) I(z) < I(y) = 1(z) this is (GGM).
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(ii) I(x) > I(y') = I(z) this contradicts (GGM).

This proofs the Lemma for n = 2 using that the following equivalence holds:

TA S T(leA)
1—|—7'A961 14+7A
T(leA)
= <1 _—
TA
o 1A
1 A

n>2
(i):
Let m := min{s € N|z; < 0 and z(;4qy > 0}.

K3
Only the m first elements have to be considered because if z; > 0 the transfer is an
inverse Pigou—Dalton transfer and obviously there is no problem in this case. Because the
transactions between the single elements of the vectors can performed successively (GGM)
is always fulfilled if

TA T(1&A)
Jpax (ﬁ) < TEa (3:8)
e 4 <« 2y fag <2y <
1_|_7_/\$1 T 7A ecause of x1 < g < ...
=z > LA
! A

(3.8) means that all transfers are inverse Pigou—Dalton transfers. This proofs (i).

(ii):

Obviously (GGM) is not fulfilled if all transfers are Pigou-Dalton transfers. This means

. TA T(1eA)
(o) > TR 9
f=4 (:)lac > M
T+7a ! L+ 7A
1<)
i Tp—1 < @T

(iii):

The third part of the Lemma is very simple. Because of

. 1A
lim &—— = <00
A—=0 A

follows from (i) that (GGM) is implemented if 2y > <oo and this is true for all z € D
This completes the proof.
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(iv):

Let o > 1. Looking at

J = <w1 @a(:)l @ﬁ(l ¢>04)7$2 L ael L B(1 (:)04))
(8% (8% (8%

and the equivalence

a sl S (1l ea)

Ty
e e
1
o oo pllea)  a
ot ael
Srp < p
(iv) can be proved by following the argumentation of (i). a

The first limiting case is A — 1, i.e., (H). Here Lemma (3.2) says that all values of 2 must
be positive to fulfill (GGM). The second case is A — 0, i.e., (Al). The consequence of the
Lemma is that (GGM) is always fulfilled when (PD) and (Al) are required. On the other

hand for all A €]0, 1] follows that from (PD) and (Al) follows (GGM) in the entire set of
D.

The result of Theorem (3.2) (i) is consistent with the statement in Bossert and Pfingsten
(1990) that intermediate inequality is relative inequality in a space where the origin is

shifted from zero to (1 < A)/A.

Between the two bounds found in Theorem (3.2) no general conclusion can be drawn. In
this area the ordering of I(z) and I(z), i.e., the existence or non—existence of (GGM), de-
pends on the behaviour of the function f. So it changes with the choice of the intermediate
inequality measure.

Following Theorem (3.2) the Gini measures defined above have a great disadvantage. Their
behaviour is incorrect when negative incomes are considered. Because of the negative
reaction of measures which fulfill (PD) and (H) one should reconsider the use of these
measures with negative income. An alternative is the measure of Kolm which does not
have this disadvantage and reacts correctly also with negative values. Alternatives can
be created using the intermediate measures in (2.1). But A has to be very close to 0 to
get a useful measure, e.g. with A = 0.001 the threshold value becomes only -999. Other
alternatives are the centrist measures of Kolm (1976a, b).

4 Homogeneity, additive invariance and negative income

It would be very nice to find an inequality measure which fulfills the three axioms (PD),
(H) and (Al) and so have a function which satisfies not only the independence from the
unit in which the income is measured but also the demand of the leftist indices. Eichhorn
(1980) has shown that only very specific functions fulfills (H) and (Al) for positive values.
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He also shows that these functions do not fulfill (PD) (Eichhorn (1980), Satz 9). The same
can be shown if negative incomes are considered. With Theorem (3.2) it is easily proved
that there exists no function for negative incomes which fulfills the axioms (PD), (H) and

(AT).

Theorem (4.1)

There exists no function / : D* — R which fulfills (PD), (H) and (Al).
Proof

The statement of Theorem (3.2) with A = 1 is equivalent to

(PD) and (H) = (GGM)
=
(GGM) = (PD) or (H).

Let I(z) fulfill (PD) and (Al). From these axioms it follows that (GGM) is also true (The-
orem (3.2) (iil)). So (PD) and (GGM) hold. From the above statement then follows that
(H) cannot hold. This proofs the Theorem. ]

5 Conclusion

Taking negative incomes into account raises a problem in inequality measurement. Mea-
sures which are accepted as ”good” inequality measures suddenly show untypical reactions
to transformations of the income vector. So these indices are not as "optimal” as in the
measurement of inequality with positive income. But should the axiom of homogeneity
be given up to save the axiom (GGM) or should the axiom (GGM) be neglected? Until
now the only alternative is the measure of Kolm (or other leftist inequality measures)
to save the (GGM) axiom for all observations. If the support is truncated at the lower
end (say at a point @ < 0) an intermediate inequality measure can be used with A lower
than <{a <1)~!. Then (GGM) is also fulfilled on this area. This is true for the centrist
measures with g < a also.

In coincidence to the result from Eichhorn (1980) Theorem (4.1) shows that there exists
no function which fulfills (PD), (H) and (Al). So it is not possible to create an inequality
index which fulfills both, (H) and (Al).

Finally, one may conclude that intermediate, centrist and leftist inequality measures are
good alternatives to measure inequality with negative income. The only problem is choos-
ing the parameter to accomplish both, (GGM) and the personal idea of value judgment.
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