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T. NaHre, K. Mocnep, N. MoxapoBckui
3ddekTMBHan rnydbuMHHaa knaccudukaums

¢ NOMOLLbIO NPOEKTUBHOIrO MHBapMaHTa KNnaccoBOWU NPUHAANEXHOCTHU

TIpH NPHMEHEHHH DDo. u APYTIHX JHCKPHMHHAHTHBIX METOAOB.

DDa Ta IHIIAX JHCKPHMIHAHTHHX METOIIB.

Beenenue. CTaTha MOCBALICHA BCEMHPHO H3BECT-
HOMY YYCHOMY B OONacTH caMOOPraHH3alMH H
caM000Oy4YeHHs B pacno3HaBaHHH oOpazoB [1-5]
akaneMuky Anekcerw I'puropseBuuy HMBaxHeHko.
Onna u3 astopos, T. Jlanre, ¢ Gonbuioii Gnarogap-
HOCTBIO M DAJOCTBI0 BCIIOMHHAET IEJarOrHYecC-
KHH TalIaHT CBOETO NEPBOTO HAyYHOTO PYKOBOIH-
ters Al IBaXHEHKO, KOTOPBIH MOAEPKAT U pa3-
BIUT HAYYHBIH HHTEPEC Yy COTEH CBOHMX aclMpaHTOB.

B cratee onmcana uaes mpennaracMoro MerTo-
Ia ¢ HICTOPHYECKOH CIIPABKOM; BBOJUTCS MOHATHE
npeoOpa3oBaHHs ITyOHHEI, KOTOPOE MHEPEBOAMT
JaHHbIE U3 d-pa3sMepHOro 00BEKTHOTO MPOCTPaH-
cTBa B 0-pazMepHOE NpoCTPaHCTBO rityOuHbl. Tak-
Xe IPefIoKeHO IiepBoe 00CYKICHHE MpOOJIeMBI
«ayTcannepos» (He «outlier») — TOUEK, HMEIOIIUX
HyJIeBOM BEKTOp IIyOHH; paccMOTpeHa MoaudH-
Kalys o-ITPOLIEAYPHl B HEKOTOPBIX JCTAIAX, a TaK-
K€ HECKONBKO TEOPETHYECKUX PE3YJIbTaTOB IOBE-
Jenua DDa-mponemypsl Ha OSJUIMITHYCCKHX H
3EPKabHBIX CHUMMETPUYECKHX paclpelelIcHHsAX,
MPHBEJEHBI PE3yJbTaThl HMHTAIMKU H CPAaBHCHUS,
BEIYMCIICHHA Ha IPUMEPAaX pealbHBIX JaHHBIX.

Onucanue naen MerToga

B Hacrosmiee BpeMs HabmrogaeTcs HOBas BOJI-
Ha MHTepeca K TEOPHH CaMOO0y4eHH s, CBI3aHHAs
C IOABJICHUEM HENapaMeTPHYECKOTO HHCTPYMEH-
Tapus B ctaTucTHKE. IIpu 3TOM OCOOEHHO BhHIAE-
AT mocTpoeHne QYHKIUH rTyOUHEBI, TAKHX KaK
IpeanoxeHHas B 1974 roay noaynpocTpaHCTBEH-
Hag royOuna [6] wia BeimBuHyTas B 1990 romy
CuMIUIeKcHas riryOuna [7]. HecMotps Ha ToO, uTO
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IlpepnoxeH HOBBIN HemapaMeTpuyecKuil MeTon DDo-Ipoleypa Aid aBTOMAaTHIECKOH Kinaccupukausy Ha 0 2 2 x1accoB 10 MHOTO-
MepHBEIM JaHHeIM. Knaccuduxarop DDo npHMeHEH Ha MMHTALMOHHLIX H PeaTbHEIX JaHHBX. [IpHBEIE€HO CpaBHEHHE JacTOTH OUTHGOK

The DDa-procedure is a nonparametric method for the supervised classification of multidimensional objects originating from 6 > 2
classes. The behavior of the DDa-classifier is investigated on the simulated as well as real data. The new procedure outperforms many
existing discrimination methods, including S¥M, regarding training speed, while its error rate is comparable with those techniques.

3arporIoHOBAHO HOBHH HenapaMeTpHyHHi MeTon DDo-NMpoLeaypa A aBTOMATHYHOI KiacHdikarii Ha 0 > 2 xiacis GaraTOBHMMIDHIX JaHFX.
Knacudixarop DDo 3acTocoBaro 10 iMiTanifiEux Ta peanmsumx ganxx. HasegeHo MOPIBHAHHA YaCTOTH MOMMIOK NPH 3aCTOCYBAHHI

TONBKO B MOCHeNHEe AecATWieTHE QYHKIMH IIy-
OHHBEI HayalM OPHMEHATHCS B KIACCHpHKAIMH C
HCIIONB30BaHHeM O0YyYaloIMX IOCICI0BATELHO-
cTei (T.e. ¢ yyuTenem), OHM JaId HOBEIM M MOII-
HEIH HMITYJIbC TEOPDUH PAcTIO3HABaHUA 0Opa3oB.

B ciy4ae obydeHus ¢ yuuTeneM KiacCHPHIH-
pyromas QyHKIHS CTPOUTCS C IOMOIIBI0 00yyaro-
mero Habopa JaHHBIX B d-MEPHOM IPOCTPAHCTBE,
IJle KaX/as TOYKa OIHCHIBAET OAUH OOBEKT, MpH-
HaJ/lexXalii onpeaeneHHoMy Kiaccy. B ofyuaro-
meM Habope JaHHBIX «y9UTENb) MapKHPYeET Kak-
Iblil OOBEKT METKOH, YKa3bIBaKOIIEH Ha TO, K Ka-
KOMYy KJacCcy OH IIPHHAUICKHT. Takum obpaszom,
uMeeTcs Ba WIH OoNiblle MapKAPOBAHHBIX pa3s-
HBIMH «CTHKKEpaMH» 005IakoB O0y4aronux IaH-
HBIX B d-MEPHOM IpocTpaHcTBe. [y0OHHa JaHHBIX
H3MepseT HeHTPHPOBAHHOCTE ONIPEIENICHHOH TOY-
KH OTHOCHTENBHO Kaxaoro obnaka. OHa ompene-
JI€T CTETIeHb OMM30CTH K KaXIOMY «CTHKKEPY»
mr000# TOYKH B d-MEPHOM NPOCTPAHCTBE.

Jns 3aga4 KiaccHHKAIMH 3TO MOXET OBITH
penIeHo mo-pasHoMy. MHOTHe aBTOpHl HCMOJIB30-
BaJIM MACH TIyOHHBI JAaHHBIX B O0JIACTH KJIACCH-
¢uxaiu ¢ yaureneM. B 1999 roay Bnepsbie ObI-
M OTMEYEHBI IOJIE3HOCTh U MHOTOCTOPOHHOCTB
rTyOHHHBIX TpaHC(OpMaIHii B MHOTOMEPHOM aHa-
nmu3e [8]. beina BBeneHa HoTamus «DD-muarpam-
MBD) IS ABYXMEpPHOTO IMpeICTaBIIEHHs MHOTOMeEp-
HEIX OOBEKTOB € NMOMOIIBK) MX NIyOHH JaHHBIX
OTHOCHUTEJIBHO JIBYX 33JJaHHBIX Paclpene/IeHUH.

Ha mockoctr (6 =2 nns nByx kiaccos) abc-
uccaMH (03 OpOMHAT) CIyXaT 3HAYeHMA TITyOHH.

47




Jlna kaxzaoro oosexra (Touku) Ha DD-nuarpaMme
PacCUMTHIBAETCS €ro IIyOHMHa OTHOCHTENIBHO Ka-
JIOTO M3 JBYX KIaccoB. IIpHHAIIEKHOCTh 00b-
eKkTa K KakoMy-JIH0o KIacCy MOXHO OIpele/LiTh
10 TOMY, B KaKOM KJIacC€ OH HMEET MaKCHMallb-
HYIO TITyOHHY.

MHorue aBTopsl [9-11] nDpUMEHAIH 3TOT HIH
nonobusle Meroael. B [12, 13] omucana paspe-
nsromas QyHKUKs, JUHeiHas B INIOCKOCTH, 6a3u-
pylomeiics Ha OLEHKaxX spa IPOCKIMH [Ty OHHBI,
COOTBETCTBEHHO «L,-TiIyOMHED. B HacTosee Bpe-
Ms aBTOpbl [14] HMCHOIB3YIOT NOTHHOMHAIBHBIC
pasgemsrone Qysxumn Ha DD-puarpamme Ui
KIaccH(pHKaAiK 00BEKTOR ¢ MOMOIIBIO TIPEACTaB-
JICHUS X TJTyOHUHBEL.

Bcee 9TH METOABI OTJIMYAIOTCA Pa3HbIM HCIIOTb-
30BaHMEM IIyOMHBI, U BCE OHH OTKPBITBI IJIA H3-
MEHEHHH H pacimmperyud. OOIMM BO BCEX YIIOMS-
HYTBIX METO/aX €cTh TO, YTO MHOIOMEpHOE Ipo-
CTPAHCTBO 0OBEKTOB (Pa3sMEPHOCTh KOTOPBIX HHO-
ria MoxeT ObITE OYeHB 0OJIBILOI) NpeodbpasoBbl-
BaeTcs B IIPOCTPAHCTBO PEIyLIUPOBAHHOM pa3Mep-
HOCTH 3Ha4eHHit NTyOHH 3THX 0OBEKTOB, H 3a71a4a
KIaccH(bHKAIMK PEIacTCs B HOBOM IIPOCTPAHCTBE
ri1yOHH.

OnHako CylIeCTBYeT MHOIO HEDEIIEHHBIX BO-
IPOCOB, CBA3aHHBEIX ¢ IIyOuHON maHHbIX. Kakas
M3 M3BECTHHIX Mep IryOmHEl — Hawtydmasn? Ka-
KO# KJIacCHUUMPYIOIHA AITOPHUTM JIy4ILUe BCETO
TIPUMEHHUTD Ha [aHHBIX, ONHCHIBAIOIHX TITyOUHY ?
H, HakoHell, MOXHO I PacIIVpPHTh IPOLEAYPY
JUIS CITy4aes, rie uMeeTcs OoMbIIe YeM J1Ba Kiac-
ca (0 >2)? YnoMsaHyTble HCTOYHHKH I10-Pa3HOMY
OTBEYaloT Ha 3TH BOIPOCHL.

[MonynpocTpaHCTBEHHBIE K CUMIUIEKCHBIE TIIY-
OMHBI, HCIIOJB30BaHAEIC B paborax [8, 9, 14], 3a-
BHCAT TOJBKO OT KOMOMHATOPHON CTPYKTYpbI JaH-
HeIX. [IpH 3TOM OHM YCTOWHYMBEI B OXBaUCHHOH 00-
JIACTH JAHHBIX, T.€. OHM poDacTHBI K BBIOpOCaM, HO
BEIYHCIIEHUS MOTYT OBITh IPOMO3AKMMH HIIH J1aXKe
HeBo3MOXKHEEIME. C Ipyro# cropoHsl, riryOuHa Ma-
xananoOuca [15], Toxe mpuMeHseMas B yIIOMAHY-
TEIX TPy/ax, TpeOyeT MaIo BEIMHCIEHHI, HO B 00JIB-
ek cremeHu HepobacTHa. bonee Toro, oHa 3aBH-
CHT TOJBKO OT NEPBBIX JBYX MOMEHTOB H HE OT-
pakaeT HECMMMETPHYHOCTH JaHHBIX. bomee po-
6actanie hopMbl rTyOuHsl MaxananoOuca Taxke

48

OCTAIOTCA HEYYBCTBUTEJLHBIMH K HECHMMETPHY-
HOCTH JIaHHBIX.

WUcnons3osandas B [9] Li-TrybHHa HMeeET aHa-
noruyHele HenaocTatku. B [12] mpuMensercs op-
Ma L,-rmyGuHBI, KOTOpas JE€rkO BEIYHCIIACTCS TP
H3BECTHOM p. MOXHO ONpPEAENHTE p ¢ IOMOIIBI0
aJJaTHBHOM IpOLEAyphl, HO I 3TOro HeoOXommy
Gonsloi 06beM BeraucneHuil. B [11] ncnonsay-
eTcs MakcHMalkbHasd rTyOHHa 30HOHIA B KOMOH-
HaluK ¢ raybusoit Maxanano6buca. ToT u apyroi
MeTo[ MOryT 3¢ (EeKTHBHO HCIIONB30BATHCA Jaxke
B cIlydae GobINOM pa3MepHOCTH, HO 00a CTpaa-
IOT OTCYTCTBHEM POOACTHOCTH.

B [14] ommucan apyroil I0aXo, B KOTOPOM IIpo-
6nema xiaccudukaiy Ha DD-auarpaMMe pelna-
ercd KOHCTPYMPOBaHHEM ITOJMHOMHAIBHON JIH-
HHH, pasfelsiomeH eqUHUYHBIH KBaJIPaHT ¢ MH-
HUMaJbHOM YacTOTOH JIOXKHBIX KJIacCH(pHKALHM.
CreneHp NoMMHOMA (10 TpeX) BHIOUpAETCA IMyTeM
nepexpecTHOM rposepku. ITonobHEM 06pasoM (Me-
TO/IOM BAJMJIAIIMH) ONPEACIAIOTCA pa3iensiomue
dyukupu B [12, 13]. IIpu Hamaauu 6 > 2 Knaccos
OOBIYHO HCIIOAB3YeTCA ABYX3TallHas NPOLEHypa

0
KIacCHpUKanuM: B Hayale IPHMEHAIOTCS

KJIaCCH()HKATOPOB, BBIOPaHHBIX MOMApHO UId BCEX
KJIAaCCOB;, Ha BTOPOM 3Talne TOYKY OTHOCAT K TOMY
KJIacCy, K KOTOPOMY €€ Yallle BCEro OTHOCHJIH Ha
srane 1.

B nanHO#M craThe TMpUMEHsETCA IyOHHA 30-
souna [16, 17], Tak kak oHa 3QPEKTHBHO BBIYHC-
nseTcs U MHOrOMEpPHBIX JaHHBIX (BKIHOYaA
d =20 u Gomee), a TakKe HMEET OTIHYHEIE TEO-
peTHYECKHe CBOMCTBA — HENMPEPLIBHOCTE H CTaTH-
cTrdeckoe 3akmodende. OqHako nrybuHa 30HOH-
Jia uMeeT U crabeie ctoponsl. Hanpumep, ecid Baxk:
Ha pobacTHOCTH, TO HEOOXOAMMO NpeABapHUTE/b
HO 00padoTaTh JaHHBIE MPONEAYPOH HaXOXKACHHA
BHIOpPOCOB.

Jlnst puHanbHON KnacCHOHKaUMH B MPOCTPaH:
CTBE IIIyOHH HCIONB3YETCA Pa3sHOBUIHOCTE OL-TIPO:
nenyps! [18-20], xoTopas mpocTo M 04€Hb 3¢-
(exTHBHO paGoTaeT Ha NPOCTPAaHCTBAX ¢ HEOOMb®
[IMM YHCJIOM H3MEPEHHUH, a IPOCTPAHCTBO ruryOHl
TaKUM H e€CTh. J{yist Klaccu(HKaIuu AByX K1accos
HCIoNb3yeM DD-miarpamMmsl, a ai 6 > 2 KJ1accoB
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npuMeHsieM 0-MepHble TIIyOWHHBIE AHarpaMMBL
[IpHHAUIEKHOCTh TOYKH K K/JIACCy ONMpenaensercs

0 MaKCUMalbHOMY 3HA4YCHHUIO OJHOI'0 H3 ) ou-

HAPHBIX KIACCH(HKATOPOB B O-MepHOM NPOCTPaH-
CTBE TITyOHH.

Cnemyetr oOpaTHTh BHHMAaHHE Ha TO, YTO IPH
Kax10# OMHApHOM KIacCH(QHKALKHH HCIONIb3YeTCA
Bcs HHGOpMALHA O NTyOHHAX, KOTOpas OTHOCHTCA
xo BceM O xmaccam. Takoit Meton HasoBeM DDoi-
METO/IOM K IIPHMEHHM €TI0 KaK Ha MCKYCCTBCHHBIX,
TaK ¥ Ha pealbHBIX NaHHBIX. [lomyyeHHble pesyib-
TaTBI OTIMYAOTCS OT MPECTABNEHHBIX B [12-14].

OcoBeHHOCTH IPOLIEAYPHI K1acCH(PHKAIMH:

o 3()(eKTUBHOCTD MPOLEAYPH! BBIYHCICHHUA A
005eKTOB GONBILOH Pa3sMEPHOCTH,

e BEICOKAA CKOPOCTH IPOLEyphl KIacCH(HKa-
uud D-TpaHchOpMUPOBaHHBIX NaHHBIX;

® HCIOJIB30BAHHE MOJHOH MHOTOMEPHOH HH-
dopmaruu s Kiaccuprkamum 0 > 2 K1accos.

ITpeoGpa3zoBanne riayoHHEI

@dynxipa rTyOHHB — 3T0 (QYHKIMS, MOKa3bl-
BAOLIAsA, HACKOJBKO OIHM3KO K «UECHTPY» KOHEY-
HOro MHOXecTBa X € R? HAXOJHTCH 3a7aHHAsA TO4-
Ka X, T.e. HACKOJIbKO «TTTyOOKO» OHa HaXONMTCA B
3TOM MHOXKeCTBE. OYHKIHSA TIyOUHBI — QYHKIHS

(x,X) D, (x)€[0,1], xeR’, XcR’,
YIOBIETBOPAIONIAsA CAECAYIONIMM OTPaHAYCHHAM:
ad¢uHHO WHBAapHUAHTHA; IIOJyHEIPCPHIBHA CBEP-
Xy; KBa3MBOTHYTa B TOUKE X (T.€. HMEET BBUIYK-
neie Bepxuue JleOeroBsl MHOXKECTBA), CTPEMHUTCH
K HyJIIO IIpH || x ||-—> 0.

WHorma Hanaraiotcsa gsa Oonee ciaaObix orpa-
HMYEHHA: OPTOrOHAJIbHAs HHBapHAHTHOCTH; YObI-
BaHHKE B0 Iy4eH, KOTOpble HAUMHAKOTCA B TOY-
K€ ¢ MakCMMAaJIbHOM riyOMHO# (T.e. MMEET BepX-
uue JleOerossl MHOXECTBa B BHAE 3Be3nnl). Hc-
CIIEOBAHHE ITHX OTPaHUYCHUH M MHOTHMX CIICIH-
QJbHBIX MMOHATHH TIIyOHHBI JAHHBIX OIKCaHO B
[17,21-24].

ITycTh JaHHBIE B R? HeobxomIMO KIaccHpHIH-
poBath Ha 6 > 2 KJIaccoB, H X, ... ,quRd — o0y-
YaOIHMe MHOKECTBA I 3THX KJIACCOB, HMEIOIIHE
KOHEYHBIE PasMEPHOCTH n; =| X |; D — ruyOuua

HaHHbIX. QYHKIUIO Rd->[0, 1]?, oTo6paskaronTyIo:
YCuM, 2013, Ne 2

x> d = (Dy, (x),..., Dy (), (1)

Ha30BeM INpeAcTaBneHHeM TDirybunsl Kamabri
0OBEKT XapaKTepHU3HPYeETCs BEKTOPOM, B KOTOPOM
0 KOMIIOHEHT YKa3biBalOT ero rryouHy (61130CTh)
oTHocHTENbHO O xiaccoB. B wacTHocTH, 06ydaro-
mue HabopEI Xj-cRd NIEPEXOAT B MHOXKECTBA B
npoctpanctse [0,1]°, xapakrepusyromme ucxozHble
KJIacChl B IIYGHHHOM IIPOCTPAHCTBE. 3aMETHM, YTO
«OIHM30CThY» TOYEK B UCXOIHOM IIPOCTPAHCTBE IIe-
PEXOANUT B «ONM30CTE» B HX IpejcTaBneHuu. Te-
nepb 3a1aveil KIacCHUKAIH CTAHOBUTCH pasOue-
nme riny6uHHoro npoctpanctsa [0,1]° Ha 0 vacreit.

[TokaxeM ckaszaHHOE Ha mpumepe (puc. 1), roe
HCXOJHOE d-MepHOE IMPOCTPAHCTBO IIPH3HAKOB
tpaHchopMupyeTcs B 0-MepHOE TTyOHHHOE IIpO-
CTPaHCTBO O-KJIaccoB.

0.8 1.0
£ e
te

® gno
.
F 4
o

08
.
%
£
)

0.4
1
o,®,
°

02

i

%

p)
o

.
? ®
o,
L)

nyGusa OTHOCWTENBHO BTOPOrD Knacca
0%
.
L]
o®
v
&
a
L4
oc®

0.0
I

T T 5 T
- -4 -2 1] 2 4 6 0.0 0.2 04 0.6 08 1.0
X [nyGuHa OTHOCHTENLHO NBPBOrD KNACca

d=2 9=2
Puc. 1. Hcxoasoe npOCTPaHCTBO IpH3HaKkos; DD-Harpamma: riy-
OHHHOE [POCTPAHCTBO [BYX KJIACCOB

B kauecTBe npocToro mpaswia pa3OHEHHs B HO-
BOM IIPOCTPAHCTBE MOXKHO, HAIIPUMED, PE/UIOKHTH
cleyromee: ToUKa KIacCHQUIMpPYeTCs Kak IpH-
HaJUIeKalllas TOMy KJIaccy, B KOTOPOM OHa HMEeT
HauOosbIIee 3HadeHne rryouns! [9, 10]). I1o 3Ha-
YHUT, 9TO MPOCTPAHCTBO IIy6HH pa3buTo Ha O gac-
Teil, pas/ICIEHHBIX MEXTY Co00H ¢ ToMonIbio O ce-
KyIUX THiepIuiockocTed. Takas Knaccubukaius ¢
TIOMOIIBI0 MAKCHMAJIBHOH IIyOHHBI €CTh JIHHEH-
HBIM TpaBwioM. HermuHeifHoe mpaBmio Kiaccubu-
Kaluu ObUI0 pUMEHEHO B [14], rae paccMOTpEHO
TIOCTpOeHKE pa3fe/Alomeil NoNHHOMHAIbHOH K-
HHH JO TPEThETO TOPsAKa [yt mpoctpancTsa [0,
1]%, T.e. B cimyuae, ecmu 0 =2 [12, 13].

YuuThIBasA HECKOIBKO BRKHEIX CBOMCTB IiTy0OH-
Hb! faHHEX, D, (x) ofpamaercs B HONb BHE BbI-

nyx0ii 060104KkH X, DTO IPOMCXOAHUT B CIIydae €
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TOJTYIIPOCTPaHCTBEHHOH H CHMIUIEKCHOH TIy6u-
HOit, a TaKkxe TyOMHOH 30HOHMIA, HO HE C TTyOu-
Hoii Maxanano6uca u L,-rmyounoit. Touka, koTo-
pas He HAXOHHUTCA BHYTPH BBIIYKIOH 000mo4YKH
mo KpaiHell Mepe OJHOrO M3 OOyYaromHX MHO-
JecTB, 0TOOpaXkaeTcsl Ha HAa4ano KOOpAHHAT IIpo-
CTpaHCTBA ryouH. Takyio TOYKY OyzaeM Ha3eIBaTh
«ayTcaiinep». KoHeuHO, oHa He MOXKeT ObITh HH
TpaBHIBHO KIaCCHQHIMPOBaHA, HH NPOMIHOPHUPO-
paHa. PaccMOTPUM TpH BO3MOMKHBIX MOAXOJa AJiA
kaccuUKalMu STOH TOYKH. Kaxnpit 3 moaxo-
JIOB COZEPXHT B ce0e HECKONBKO Pa3lH4YHBIX Ba-
PHUAHTOB PEaT3AIHH:

e KIaccHHUUHPOBATH CIydaiftHbIM 00pa3oM C Be-
POATHOCTSMM, PaBHBIMH OXH/AEMOH J0N€ BXOA-
HBIX TOYEK OBITH KjIacCHGUIMPOBAHHBIMH;

e HCIONB30BATh AITOPHTM k-OMmKadIMX coce-
el ¢ IpaBHIIBHO TOJ0OPaHHEIM PACCTOSHHEM — €B-
KJIHOBBIM, L,-pacCTOSHUEM, MaxanaHoOuca ¢ OLEeH-
KaMH MOMEHTOB, paccTosiHHeM Maxananobwuca ¢
poGacTrEIMH oueHKamu MCD, nampumep [25];

e KIIaCCHOHUIMPOBATE C HMCHOIb30BAHUEM MaK-
cuMabHON TyOrHEl Maxananobuca (MCIONB3Ys
OlLIeHKH MOMEHTOB win MCD) Wi ¢ UCTIOIb30Ba-
HHEM MaKCHMyMa JIpyToH TTyOHHbI, KOTOpast JOJDK-
HBIM 00pa30M pacIiMpeHa BHE BBINTYKJIOH 0007104-
KH, KaK, HarpuMep, B [11].

B [26] noxa3bIBaloTCs CHIEQyIOIIHe yTBEPHKIE-
HHS OTHOCHTENBHO Iy OHHEL

Yreepxaenne 1. Ilycte D — apdunno vHBa-
puaHTHas QYHKIMA TTyOMHBI, a P — JuIMnTuye-
ckoe pacmpenenenue. Torma ams mo6oro o € (0, 1]
sepxHee JIeberoBo MHOXECTBO

D, (P)={xeR/|D,(x)2a} (2)
€CTh JJUTUIICOU.

Yreepaaenue 2. 1) Ilycte D — rirybuna 30HO-
una, a P=Ell(y, BB',r)— yHUMOJAILHOE 3JUTHITTH-
geckoe pacnpenenenue. Toraa mia moboro Hemy-
croro BepxHero JleGerosa MHOXeCTBa (QYHKIMH
wiotsoew {x € R | fx)2B} cymectayer o= ¢(B)
TaKoe, 9T0:

{xeR'| f(x)2B}=D,(P). 3)

2) Ecni K TOMY e HOcuTenb (QyHKIMH 1 Ipen-
CTaBIAeT co00ii 3aMKHYTBEIH HHTEpBal, TO (P — HE-
TpephIBHAsL, CTPOro Bo3pacTaromas GyHkuus. Tor-
na crnpaeyMBo D, (x) =@(f(x)) H, Clie10BaTEILHO,
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f(x)2 f(») & Dp(x) 2 Dp(y) - Q)]
Ansda-npouenypa
Buayane OPOBOJMTCS IPEIBAPHTEIBHBIA OT-
Gop ¥ ocTaBIAeTCA [Uis fAabHelied 06paboTkn
TONMBKO T€ m CBOMCTB p, g KOTOPBIX MOXHO
HaliTH [Ba [IOPOTOBEIX 3HAYEHMA X, H X, , Pas-
JENAIOAE OCh 3HAYEHHS CBOWCTBA p,; B TPH Cer-
MeHTa (puc. 2).

CerMeHT epecedeHi

e N
—.—:————j-'w—'——m—Hl“
-
S a— . —
g Xag

Puc. 2. Ilepeceuenne 06BEKTOB, OTHOCAIIMXCA K JIBYM K1accam

ITocie 3TOro BBOJMM IOHATHE pasoersroujen
cunibl, OTIPENIEIAEMOM IS OMOENbHO20 CE0UCMEa

®
KaKk F ( pq) = Tq , TJie W, — 9UCI0 0OBEKTOB, pac-

IOJIOYKEHHBIX BHE CErMEHTA TIEPECeYeH s CBOHCTBA
Pq» | — mmmna oOyyaromiei BEIGOPKH, T.e. THCIIO
00BEKTOB.

JI1a cHHTE3a MPOCTPAaHCTBA IIAr 32 IaroM BhI-
GuparoTcs TPU3HAKH, HMEIOLINE HAWIy IIHe pas-
JIEJIAI0IMHE MOUTHOCTH.

Kaxnplii HOBBIH IIPH3HAK PEIyLHPYET CErMEHT
nepeceyeHnus ¥ YBEIHYMBAET YHCIIO TPaBUIBHO
KnaccuuIpoBaHHEX 06bekTOB. Ilpumenserca
cleIyIomiee onpeieneHne pazoensiowyeti cunbl TpH-
3HaKa Ha k-M MIary CeNeKITHH:

F(x)=2"2%a 2k o, =0,
{ /
IIe )] — aKKyMYyJMPOBAaHHOE YHCIIO MPaBHJIBHO
KIacCH(ULUPOBAHHEIX 00BEKTOB neped BEIOOPOM
k-ro npu3HaKa, a @) — TAKOE JKe JHCIIO nocne Bbi-
6opa k-ro nmpu3HakKa.

Ha nepsoM mary BEIGHpaeTcs CBOHCTBO ¢ HaH-
Jy4mreil pasieNIomei MOIHOCTEIO Kak 6a30BbIH
npusHak fy (puc. 3) ¥ NpeACTaBseTCs BMECTE C
€ro YUCICHHBIMH 3HAYEHHAMH JUIA BCEX OOBEKTOB
KaK OCb.

Ha cnenyiomeM miare K CHCTEME KOOpAHHAT
100aBIeTCS BTOPOE CBOMCTBO pi M OIpEACIAIT
CA MO3MLMH BceX 0OBEKTOB Ha IUIOCKOCTH, OIpE-
NenseMoi OCAMH fy U py. Jlamee B 3TOH IIOCKOCTH
¢opmMupyeTcs HOBas 0Cb, KOTOpas Bpamaercs BO-
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T

KpyT Ha4vajla CHCTEMBI KOOPpIOHWHAT HaQ yeonr O OO
TCX IIOP, IIOKa HpoeKyuu 00BEKTOB Ha HEe HE Ja-
JYT HaUTTY4IIeTO pa3ieNiCHUA 00BEKTOB.

MirHMaTbHOE IepeceyeHie 00LEXTOB

{

|

I

o
Tlepeceuenne

o

MaxcummsHoe |
9IICIO MPABILTBHO | |
KJIacCA(HIHPOBAHHEIX | |
00BeKTOB 1

CBolicTBO ¢ HauTy9meil
pasfendromed ci1od

Puc. 3. Ansda-nponenypa, HepBbiit mar

Ota mpounenypa MOBTOPSETCSA UIA BCEX OCTaB-
IIMXCSA CBOKMCTB, H U3 HUX BhIOMpaeTcs ceolicmso,
Jaliee Hauiy4lee paszeneHue OOBEKTOB Ha
COOTBETCTBYIOIEH OCH f;. 3T0O HOBOE CBOWCTBO
DepeTcs Kak CAeRYIOMHUIA npusHak, 1 TAKUM oOpa-
30M CTPOMTCH MEPBBIH perep (puc. 4).

Mepeceuense

Hepecegeanme ——
: (1A penep )
((HCK}JCUWSHHUE»

,_‘ «— CBOHCTBO =
£ TPIHAK

Puc. 4. Aneta-nipouenypa, BTOpoil mar

Ha tperbem mare nobGasnsercs cleayrollee
CBOMCTBO p; KaK TPEThbs OCh M ONpPEAENSIOTCS T10-
3UIUH BCEX OOBEKTOB HA HOG0U MAOCKOCHMU, KO-

TOpas 0Opa3yeTcs OCAMH U p;. 3aTeM CTpOUM
1 H Py

HOBYI0 OCb B ITOU HOGOI NAOCKOCMU W BpallaeM
3Ty OCh BOKPYI' Hayajga CHCTeMBI KOOpIMHAT Ha
yroi o. 10 T€X Mop, NOKa npoekyuu 0OBEKTOB Ha
HEe He JalyT Jydluee pasfelieHiHe o0LeKTOR. ITa
npolesypa MOBTOPAETCA IS BCEX OCTABIIMXCS
CBOMCTB, H U3 HUX BBIOHpaeTCs HAMIy4Ilee, KOTO-
poe ¢opmupyer BTOpOit perep (puc. 5). B Hamem
IPOCTOM NpPHMEPE YK€ TpeTHil mar BeneT K 6e3-
OmMOOYHOMY Pa3/IENCHHUIO OOBEKTOB.

B cnyuae, ecimu nmocne nepeGopa Bcex mpH3Ha-
KOB IMOJHOE pa3ficlicHHEe O0BEKTOB HE JIOCTHTHY-
T0, HCHONB3YETCA CIENMANBHEIM KPUTEPHH OCTa-
HOBKkH [27]. Bektop Hapby paspensiomei pemnia-
IOMeH MIOCKOCTH OIMCHIBAeTCSA MOCIIeA0OBATEb-
HOCTBIO 3HAYECHHH:
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n n

0 - 0 0
| | cosa,,+sina, | | COS ey ;.eis +
k=2 k=3

n
P 0 0 : 1
+sino, H COSOy,...,+8In0Q, |; <A,
k=g+1
[I¢ MO3HIHA HOMEpPA B IMOCIEN0BATEILHOCTH CO-
OTBETCTBYCT HOMEPY 1lIara npoLeaypel.

Puc. 5. Anba-npouenypa, TpeTHH mar

YuuTEIBasg, 9T0 MOPANOK JJIEMEHTOB BEKTOpa
Hapby omnpenernsercs MHIYKIMEH NpOLEXyphl, OHH
JOJDKHBI TIPHUITUCHIBATECH K CBOHM CBOHCTBAM B
obpamHnom nopsioke B TIPAKTHYECKHX 3aa9ax Kiac-
cupukanuu. IIpuMmep paszensomeii permawomei
ILIOCKOCTH M JEKOMITO3HLMH COOTBETCTBYIOLIETO
HaIpaBJIAIONIEr0 BEKTOpA IIOKa3aH Ha puc. 6 u 7.
CsoiicTsa, He BhIOpaHHBIE TIPOLENYPOH, HE y4H-
TBIBAKOTCS JUIA KIACCHPHKAIIMH.

A,

[Pasnensioman |
{wiockocts |

"l Hyms-mepeceseie

Jo

¥
=~

Puc. 6. Pasfensronias pemaromas iwiocKoCTh
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Ilpumeyanue. Ecnu pa3neneHne oOBbEKTOB He-
BO3MOXHO B OPHMTHHAJIEHOM IIPOCTPAaHCTBE CBOHCTB,
TO CJIEAYeT PacIIUPHTL 3TO MPOCTPAHCTBO KOHCT-
PYHPOBaHHEM PACIIMPEHHBIX CBOMCTB THIIA Xig- Xir;
T =liom sbs @ I= L sssa?®s

A2 f,

Paccrosuue no pasgeidruiero
THNEPIpPoOCTPaHCTBA

Bexrop Hanpasnenua y
- 7

5 eosk: ©os a;
P 1

=

%,

’ 7

Puc. 7. [leKOMIIO3HIHSA HANPABIAIOIIET0 BEKTOPA Pa3enAiomeH
penaomeH ImIoCKOCTH

B [26] nmoxa3aHbBI ClIeIyIOIMHAE TEOPEMBI OTHO-
cuTenbHO anroput™Ma DDa.

Teopema 1 (BaitecoBo npasuio). Ilycts F u
G — pacmpeneneHHe BEpOATHOCTEH B R ¢ wior-
HOCTAMH f ¥ g COOTBETCTBEHHO; H — Takas rumnep-
IJIOCKOCTh, YTO (G — 3epKajbHOE OTpaxkeHHe F nmo
OTHOUICHHUIO K H, ¥ f> g B OTHOM U3 OTAEIAEMBIX
9TOH THIIEPIUIOCKOCTHIO NONYNPOCTPaHCTB. Torna,
IpHHAB 3a OCHOBY 50:50 HE3aBHCHMBIX IIpHME-
poB u3 F u G, DDo-npouenypa aCHMOTOTHYECKH
MPHIET K JMHEHHOMY pa3JiesiolieMy IpaBuiy, CO-
OTBETCTBYyIOmEMY buccekTpuce DD-1uarpaMmel.

Teopema 2. [lycte F, G — yHUMOAanBHEIE 311-
JTUNTHYECKUE PACTIpeNeNIeHHs BEPOATHOCTEH, F =
= Ell(n,,BB'r), G=Ell(u,,BB',r). Toraa, npu-
HAB 332 OCHOBY 50:50 HE3aBHCHMEIX IIPUMEDPOB H3
FuG , DDa-npouenypa aCHMOTOTHIECKH IIPHIET
K IMHEHHOMY pa3fensionieMy MpaBHlly, COOTBET-
CTByIOIEMY OuccekTprce DD-1uarpaMmei.

Hmutauus

Hcenenyem o6obmaromyro ciocobrocts DDoi-
K1accu(HUKaTopa IyTeM MOJCTHPOBAHHUSA, H CPaB-
HEHHE €ro KaK ¢ W3BECTHBHIMH TpaJgUIMOHHBIMH,
TaK ¥ C ITyOMHHBIMH KJIacCH(HMKATOpPaMH, mpel-
naraeMbeIMH B Oonee mosgHed nureparype. Ilpu
3TOM BHHMAHME YJIEJIUM TPEM CIIydasM:
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® (MIEATH3HPOBAHHBIE» YCIOBHA HOPMATEHOTO
pacripe/ie/ieHus;

® YC/IOBHA «TSDKENIBIX XBOCTOB» Ha IIpUMEpe
pacnpeaenenud Komu;

e BHYTPH- H MEXKJIAcCOBas acCMMMeETpHs (mon
MOC/IEHHM TePMHHOM OylIeM MOHMMAaTh NpHHAI-
JIEXHOCTh KJIaCCOB K pa3HBIM ceMeiicTBaM pacmpe-
JeNICHUH).

s sroit nemn DDa-knaccudukarop 3ampo-
IrPaMMHPOBaH B Cpefie CTAaTUCTHYECKOTO Nporpam-
MHPOBaHHA «R» ¢ peanm3aluedl KpHTHYECKHX I10
ckopocTH MoayieH Ha C++; mporpaMMHas 4acTh
MOKeT OBITH ITOIYYEHA IO 3alIPOCy Y aBTOPOB.

CpasHeHHe 119 KaXKI0H OTAENIbHOM 3anaqu o0y-
YCHHUSA PACcMO3HaBaHMIO 00pa3oB (JUid KaX0H napel
pacripeieNieH i, IPeJCTaBIIONIMX KIacChl) IPOMC-
XOIHUT clenyroium obpasoM. BHayane reHepupyer-
¢ oOydaronas Beibopka, comepxamias no 200 Ha-
OmofcHHH B KaXKJI0M KJlacce, Ha KOTOPEIX H OCY-
meCTBIseTCS 00y4EeHHE BCEX pacCMaTpHBaeMbIX
wiaccugukaropos. [Tocne 3Toro pacnosnaercs mpo-
BepouHas BeIOOpKa, coaepxauiad no 500 Habmo-
JICHHI B KaXKIOM KJacce, H U1 KOKAOro KJaccH-
(UKaTOpa MOACYUTHIBAETCA JIOMyIEHHAs omubKa
(B momax exmmMIE!). [loBTOpEHHE H3NOXKEHHOH MO-
cnenoBatenbHOCTH AekictBuit 100 paz dopmupyer
JUTS Kaxkporo knaccugukaropa maccus u3 100 3Ha-
YeHUil — OMHO0K pacrio3HaBaHUs, 0TOOpaKaeMBIi
OoKc-IHarpaMMoii U3 «yCaThIX AIMUKOBY. [ xax-
JoH 3amaul GOKC-AMarpaMMBl PaccMaTpPHBAEMBIX
KJIacCH(UKAaTOPOB NPeNCTaBIAI0T KOMOHHHUPOBaH-
HYI0 JuarpaMMy OHIMOOK pacno3HaBaHHA — KOM-
IIAKTHBIH PHCYHOK, YZOOHBIN [ BH3YaIbHOIO
CpaBHEHHS.

Ob6obmaromasn cnocodbHocTs DDo-KknaccHu-
KaTopa CPaBHHBAETCA B NIEPBYIO OYEpENH C TPEMA
TPaJUIMOHHBIMH KJIaccH(HKaTOpaMH: JTHHEHHBIM
(LDA) n xBappatuunsiM (ODA) DmuCKpUMHHAHT-
HBIM aHATHM30M K Ki1accuukaTopom k Omnxaimmx
cocenei (KNN), rae k onpenenserca METOAOM
CKOJBL3AIIETO KOHTpOMs. PaccMaTpuBaroTCs TakKe
K1accH(puKaTOpsl MaKCHMaNbHOH ImyOuns! [10] Ha
ocHOBe TiTyOuHEl Maxananobuca (MM), cumIuiexc-
Ho#l (MS) u momynpocrpancTBeHHOH (MH) rioy-
OuH, a Tarke npennaraeMsie B [14] DD-kmaccH-
¢uxaTopsl ¢ TeM xe HabopoM riaybun (DM, DS 4

YCuM, 2013, Ne 2

o - o e

Q O oD M 0 = 5 o=

T A2 C

J
T

HO

xe
CHl

HH

pH

oD

YCu




[0To
iepe

nox
1aj-
ape-

1po-
)aM-
¢ 1o
ACTh

{OM-
1010

1¢pu-
eMA
HBIM

aHtT-

()
LOKE
)] Ha
[eKC-

cCH-
DS 4

b Ne2

DH coortBercTBeHHO). Ha kamod kKoMOMHHpO-
BaHHOM OOKc-IHarpaMme OMMOKH pacIo3HaBaHHS
NEPEYHCICHHBIX KJIACCH(HKATOPOB BHICTPOCHBI
BEPTUKAIBHO B MOPAJIKE YIOMHHAHUA U JOIOJIHE-
ubl DDa-xnaccugukaropoM (DDa).

[TockonbKy B JaHHOM pasjelie pacCMaTpHBa-
I0TCA JIBYMEpPHBIE paclpeeiNeHus, CHMIUIEKCHas
¥ TIOMYTPOCTPAHCTBEHHAA TTyOHHBI BBIYHMCIIAKOTCS
TOYHO TIPH MOMOIIH R-miakeTa «depthy», Tak Kak Ha
IUIOCKOCTH CYIIECTBYET €CTECTBEHHBIM IOPAIOK
YIJIOB, a A TIyOuHBl 30HOMAa B DDo-KiaccH-
UKaTOpe UCHONB3YETCH CUMIUIEKCHBIA alrOpHT™M
[28], paboTatonuii 3ddexTHBHO B M1060#H pasmep-
noct. Ilpu 3TOM HcKIOYaeTcs npobiema OTiIu-
YaJOIMXCS AMPHUOPHBIX BEPOATHOCTEH KIIACCOB, CO-
CTaBJAKOLIAA CYLUECTBEHHbIE TPYAHOCTH JUIA KJIac-
cH(UKATOPOB MaKCHMAIbHOM IIyOMHBI TUCKpHU-
MHHAHTHOTO aHanmuza. [{nsg DD-knaccudukaTopos
NPUMEHAIOTCA OpPHTHHANILHLIC HacTpoiku u3 [14]:
pasjeneHue Ha DD-nquarpaMme BBITIOJIHSETCS I10-
JUHOMHAIIEHON KpHBOM, IPOXOAAIICH Yepe3 Hada-
J1I0 KOOpAMHAT, crenessb {1,2,3} koTopoi BEIOUpa-
eTcsA METOJIOM IepekpecTHOH nporepkH ¢ 10 acTs-
MH, 2 KOHCTaHTa JIOTHCTHYECKON (YHKIIHH, Cria-
JKHBAIOILEH SMITMPHYECKHIA PHCK (Y4TO MO3BONAET
ero MHHHMH3HpPOBaTh), npuHuMaercs (=100. B
KauecTBE apryMeHTa MOJMHOMHANBHON (QYyHKUMH
NPUHHMAETCA NTyOMHA OTHOCHTENBHO IEPBOrO»
xnacca (ocu DD-guarpaMMbel HE MEHAKOTCS Mec-
TaMH). AyTcainepsl, BOSHHKAIONIHE TIPH HCIIOJb-
30BaHHHM CHMIUIEKCHOH (B MS u DS) u nomympo-
ctpaHcTBeHHOM (B MH u DH) riyOuH B rimyOUHE
3oHOHIa (B DDa), OTHOCATCA CIy4adHBIM 00pa-
30M K OJHOMY H3 KJIacCcOB, YTO MOXHO paccMar-
pHBaTh KaK HAMXYAIUUH, HO BCE Xe «4ECTHBIH»,
BapHaHT HX KIacCH(PUKALUH; ITO IPUMCHUMO UL
LDA, QDA, KNN, MM u DM.

B nepBoM cimyuyae paccMaTpHBaeTcs HOpMalb-
HOE pacmpe/ieicHHe B JIByX MOCTAHOBKAX 3alayM
KIaccuduKauu: ¢ pasHHLEH a) TONBKO B IIOJIO-
XEHUH U 6) B MONOKeHHH ¥ MacmTabe. B a) kimac-
CBl TEHEPHPYIOTCS H3 HOPMAIBHBIX pacrpenaene-
HMit N(pg, 21) # N(U, 22) ¢ OOMHAKOBOM KOBa-

1
PHaMOHHOA MaTpHued X =3, = 14’ OT/IHYa-

Oopxcd TUIIE MaTeMaTHYECKHMM OXHIAHHCM:
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, =(0,0)" u pn, =(1,1)" (xoM6UHMpOBaHHbIE THA-
rpaMMBI ONIMOOK pacliO3HaBAHUA TIPHUBEJICHBI HA
puc. 8, BRepxy). Haubonee ycneuso cnpaBnaercsa
LDA, Taxk xak IMEHHO Ha TaKyl0 MOJIENIb OH U pac-
CUMTaH, cierka npesocxons ODA, onepupyromiee
JBYMs. KOBapHALIHOHHBIMH MaTpHiaMu, 4 MM u
DM, nomyckarolye dUHMIITHYHOCTh pacnpeaene-
Hus. XOTA OCTalbHbIE KIACCHPHKATOPHI (BKIIO-
gasg DDa) HECKONBKO yCTYNaKOT YIIOMAHYTEIM, HX
IpUMEHEHHE TMOBHIIAET OMMMOKY pacrio3HaBaHHA
JHLIb HE3HAYUTENBHO — Ha eJUHHULIBI IPOLIEHTOB.

poeeeees [ T] i - LDA
R 1k i - QDA
pooeeeees I 1 oo FKNN
o feoeeoee [T} i - MM
poremrnenes ' SR ! -MS
oo [T} -MH
R [T ]--olo -DM
Q proemninmns Dj -------- fo o o DS
poeeeneeaees [ [ }-----4o0o -FDH
poeeneeeen 1} j o0 -DDa

028 030 032 034 036 038
: b { T} - LDA
E,':D-{ - QDA
o t-[[}-tweo -KNN
o T Ft FMM

e I I S

poseseees [T} FmH

b T ] -DM
b ] ] -DS

too[ T} -DH

ot-{[]--1 0 - DDa

T | T T T r |
0,20 025 030 035 040 045 0,50

Puc. 8. KoMOMHHpOBAaHHbIE HArPAMMEI OIIMO0K PAaCcIIO3HABAHHA
JUIA HOPMATLHBIX pacrpeAeneHHil, OTHYAIOMMXCA 010~
KeHHEM (BBEPXY), TONOKEHHEM H MacuTaboM (BHH3Y)

Jns 6) pa3HbIMH NPUHHMAIOTCH TAKOKE H KOBa-
pHALHOHHBIE MaTPHIBL: X, Ta ke, L, =4%, (cM.
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puc. 8, BHU3Y). DTO yBEIMYMBAET OMIMOKY Kiac-
CH(HUKATOPOB MAKCHMATBHOH INTyOHHEI, 8 TaKxKe
LDA, mockoyibKy (GYHKIHOHaIbHAA 3aBHCHMOCTH
Mex/y TTyOHHOH M IUIOTHOCTBIO pacipeleleH s
pasiMaHa A IBYX KiaccoB. ODA, Kak u Oxuza-
JI0Ch, HECKOJIBKO NPEBOCXOAMT OCTalIbHBIC KIac-
cH(HKATOPHI, TAKOKE MMOKA3BIBAIOIIME BIIOJTHE IIPH-
€MIIEMbIE Pe3yNbTaThL.

Bropo# cimydail Takke paccMaTpHBaeT aHallo-
THYHYIO PasHHIYY a) B [IOJIOKEHUH H 6) B IOJIOXKe-
HHM B MacuuTade, HO JUIs pacTIpeIe/ICHHH ¢ «TsKe-
JBIMM XBOCTAMH», IOMYCKAIOMMX BBIOpOCHL Jlis
3TOr0 HKCIONB3YeTCA JIBYMEPHOE paclpeeleHHe

011
Konm: a) Cauchy{[o}{l 4D 1A OJHOIO KIacca H

1

v cacs[2)[1]) w amen[][1]

COOTBETCTBEHHO (cM. pHc. 9, BHM3Y). Knaccudrika-
TOPBI, HCIONB3YIOIHAE MOMEHTHBIE OLCHKH (LDA,
QODA, MM v DM), noka3blBaloT BEICOKHH YpO-
BeHb OMIMOKH KIacCH(HKAIKK HA a), JOIONHSICE,
KaK ¥ B TIEPBOM Ciyd4ae, KiIaccH(pHKaTopaMH Mak-
cuMansHo# rryoussl (MS u MH) va 6). DDo-xiac-
cH(HKaTOp Ha a) JomyckaeT Oosble OMMOOK, YEM
KIacCH(UKATOPH MAKCUMAIBHOMN ITyOuHEI H DD-
KJIaccH(pUKaTOpsl (3a MCKIIOUCHHEM HCIIOJIB3YIH0-
mpx royouny Maxananobuca), u3-3a HEBBICOKOH
po6acTHOCTH HCIOML3YEMOH MM IIyOHHBI 30HOHM-
4, HO «HCIIPABJIACTCS» H MOKAa3bIBAaeT BIIOJHE IIPH-
eMIIeMYyI0 OLIHOKY Ha 6).

B TperheM citydae JUIs MOACIHMPOBAHHA BHYT-
PHKIIACCOBOH aCHMMETDHM HCIIONB3YETCs a) NBY-
MepHOe JKCIIOHEHIIMAIbHOE pacnpezeneHie Map-
mawta—Onkuna: (min{Z,,Z,,},min{Z,,Z,,}) nus
omHoro knacca B (min{Zy, Z;2}+0,5, min{Z;, Z;x}+
+0,5) ma gpyroro, rae Z; ~ Exp(1), Z; ~ Exp(0,5)
u Z12 ~ Exp(0,75) (puc. 10, BBepxy). Mexkiacco-
Bas acCHMMETpHA 6) IpeicTaBlicHa HOpPMAaJbHBIM

N 0 PO 17t Exp(1),
" ’[_01 sxcnoHeHIUanbHbM  (Exp(1),

Exp(1)) pacnpeneneHuAMY C HE3aBUCUMBIMH Map-

{11
&mchyﬂ HI 4D IUIsL APYTOro (CM. pHC. 9, BBEPXY),
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ruHanamu (cM. puc. 10, BHE3Yy). B 06oux ciyda-
AX OHArpaMMBl ONIMOOK CXOXH, IPHEMIIEMBIE
omubku noxassiaroT KNN u DD-knaccudHka-

TopHl; DDao-KknaccuUKaToOp TAKKE CIPaBIAETCS
C 3a7adei.

R ! [ T i |-LDA

~ QDA
—KNN

proeeeanes [ Jeeeeeetoes | oo MM
b [ Jote -MS
el e - MH
e B
b ]}t 0 -DS
poee{ [} -DH

—DDa

I I T T I !

T
035 040 045 050 055 0,60 0,65

proeeenees ' I -4 -LDA

QDA
- KNN

R I i FMM
el B - MS
el ek - MH
}Dj| L DM
of-—{[}-1 00 -DS
el s -DH

-DDa

T T T I T T T

0,30 035 040 045 050 055 0,60

Puc. 9. KoMOuHHpOBaHHBIE THArPAMMET OIIHOOK pacio3HaBaHHUA
I pacrpeiencHuH Komy, oTIHIaromuxcs nonoxeHHeM
(BBEpXY) M MOTOXKEHHEM H MacTaboM (BHH3Y)

Ilo >tuM pe3ynpTaTaM MOACITHPOBAaHHA MOXHO
cmenats BbIBOJ, 4To DDo-Kkiaccudukarop obia-
naeT xopoireil obobmaromei crocoOHOCTEI0 HA
SJUIMOTHYCCKH PaclIpENEI€HHbIX NAaHHBIX, yCTOﬁ'
YMB MPOTHB BBIOPOCOB H JNEMOHCTPHPYET XOpO-
OIMi TOTEHIHAT 00yYeHUs PacIlO3HABAHUIO aCHM-
METPHYHBIX pacnpc,ueneﬂnﬁ H KJIacCoOB, IOPOXK-
JECHHBIX paclpelesICHUAMH Pa3HbIX CEMEHCTB.
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Puc. 10. KoMbHEMpOBaHHEIE THATPAMMEL OIIHOOK PACIIO3HABAHMS IS
BHYTpH- (BBEPXY) H MeX- (BHH3Y) KIIaCCOBOil aCHMMETPHH

JKCNEePHMEHTBI ¢ PeaNbHbIMH IAHHBIMH

IlpoBeneM cpaBHenHe oOoOmarome crioco-
HOCTH HPELI0NKEHHOTO KIACCH(HKATOPa ¢ HUCIIONb-
30BaHHEM pPEANbHBIX JaHHEIX.

HaGop nannsix Synthetic npeacrasiser coboit
ABa Kjacca, KaKIbIH H3 KOTOPHIX COOEPKHT IBY-
MepHBIE HaOMOMEHHI M3 JIBYX HOPMAJIBHBIX pac-
NpeeneHui, OTIMYAIOMIMXCS MTOJ0KEHHEM U Mac-
mrabom; obygaromas Beibopka coctout u3 1000
TOYEK, IpOBEpOYHas - u3 250.

Glass HacauTsIBaeT 214 0OpasuoB CTEKIa, OIMH-
CaHHBIX COJICPKAHHEM BOCBMH OKCHZIOB M 3Have-
HHEM MOKa3aTelld MPEeJOMICHHS; U1 CPaBHEHHS
KIacCH(HMKATOPOB HCIONb3YeTCs JIMIIb MATh Hau-
Oonee 3HaYMMBIX arpHOYTOB M [IBa KiIacca, Ipes-
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CTaBJIEHHBIX OONBIIMHCTBOM HAOMIOAEHUH (B Ie-
noM 146 obpa3uoes, 3 HuX 70 — B OHOM KJI4cce H
76 — BO BTOpOM).

H3 209 paccmatpuBaeMsix B Biomedical o6pa3-
LI0B KPOBH, IPEACTaBIECHHBIX YETHIPEMs aTpuoy-
TaMH, BHUMaHHe yaeniaerca 194 obpasuam, He co-
JepxalliM OTCYTICTBYIOIIMX 3HadeHui. Eme omuu
Habop ByMepHBIX AaHHBIX Hemophilia conepxur
75 map norapd()MUPOBAHHBIX H3MEPECHUH y JKCH-
LIMH, 45 U3 KOTOPbIX — HOCHTENbHHIEI reMoQH-
nmun tHna 4. Diabetes conepamt Tpu xiacca (33 +
+36 + 76 = 145) MHAUBHAYYMOB, CTPAJ[AIOLIMX Pa3-
HBIMH THIIAMM [HabcTa, OXapaKTepH30BaHHBIX IIf-
TeIO Noka3arersiMd. Habop nawneix BloodTransfu-
sion TIpefcTaBieH TpeMsA aTpubyTtamMu (4HCIO Me-
CALIEB CO BPEMEHH IIEPBOrO H MOCIEAHETO JOHOP-
CTBa H o01ee 9HCII0 JOHOPCTB) 748 TOHOPOB Kpo-
BH, pa3JeleHHBIX Ha /IBa Kacca 10 IpH3HAKy J0-
HopcTBa B Mapre 2007 rona. bonee mogpobHOE OMmH-
CaHWe JaHHBIX MOKHO HaWTH B ceTH «MHTepHET»
Ha OOIIECTBEHHOM DPENO3HTOpHH http://archive.ics.
uci.edu/ml [29] ¥ B IpHCTaTEHHOM CIIHCKE.

DDa-xnaccuukaTop CpaBHHBAETCS CO CTaH-
JApTHEIMH KJIaccH(pUKaTOpaMu: NuHeHHbIM (LDA)
H kBaapaTuuHbM (QDA) TMCKPUMHHAHTHBIM aHa-
JM30M M KJIACCH(HKATOpoM OmkalInux coceneii
(k-NN), a Taxxe ¢ NTyOHHHBIME KiIaccH$HKaTOpa-
MH, OCHOBAaHHBIMH Ha IpoeKkiuoHHo# (PD) [13] u
Ly-rny6une (L,D) [12], u pa3snuYHBIMH KIacCH-
(pHUKaTOpaMu, HCIIONB3YHOIMMH NIybHHy Maxana-
HoOuca (MD), Ha ocHoBe JaHHbIX 13 [12, 13]. [Ipu-
meHenue DDo-xnaccudukaropa, kak v moboro
JIPYTOro, HMCIOIB3YIOMEro ITyOUHHOE IpeJCcTaB-
neHne M QYHKIMIO I'TyOHHBI, HYJICBYIO BHE BEI-
IyKJI0H 00O0II0YKH, JOIDKHO OBITH JOMOJHEHO CO-
OTBETCTBYIOLIMM METO/IOM KlacCH(pUKAIH ayTcai-
JepoB. B KauecTBe TaKMX METOIOB HCIOJIB3YIOTCS:
xnaccuuxarop Ompkalnmx cocenei, Beerma yuu-
TBHIBAIOIHH TONBKO ONHO oOydwarouiee HaOmone-
HHE, pacnonoxeHHoe Hanbonee O1M3K0 HCXOMs U3
€BKIIMI0BA PACCTOSHMSA; KIACCHOHUKATOD MaKCH-
ManbHOH riry6uHs! [10], ocHOBaHHBIH HA OBICTPO
paccuuThIBaeMoH Imyoune Maxananobuca, ¢ uc-
TOJIb30BaHHEM KaK MOMEHTHBIX, TaK H po0acTHRIX
(Minimum Covariance Determinant — MCD) oue-
HOK noyioxxeHus H Macmrada. Jlns oboux kraccu-
(GHKaTOPOB MaKCHMATLHOH I'TyOHMHBI ampHOpPHBIE
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BEPOATHOCTH ANNPOKCHMHPYIOTCS TPOIOPLHAMH
KJIacCOB B 00y4aromieH BEIOOPKE.

B [13] mpeanokeHBl MeToAbl podacTHOH Kiac-
CH(OMKAIMH C UCTIOTB30BAHUEM [IPOEKLMOHHOM [Ty~
6uusl (PD) ¢ 0fHO- ¥ MHOTOMACIUTaOHBIM CIOCO-
OOM FOCTHPOBKH Kiaccudukatopa (Single- u Multi-
scale), NpOBOOUTCA UX CPAaBHEHHE C TPAIMIIHOH-
HEIMH Knaccupuratopamu (LDA, QDA u k-NN) u
KJIacCH(PHUKATOPOM MaKCHMAaJbHOH ImyOHHEI Ma-
XanaHoOmca, HCIONB3yIoImUM MoMeHTHbIe (MD) 1
pobactasie (MDycp, K03QOHIHMEHT poOACTHOCTH
a=0,75) onenku (Tabi. 1).

Ilns Synthetic, tae o0ydaronias H MpOBEPOUHAs
BEIGOPKH 3aJaHBbl, IPHBOAMTCA OMHOKa (B Ipo-
1leHTax) Ha mpoBepouHoil BeIOOpke. Ilockombky
s Glass u Biomedical pa3nenenne Ha o0y4aro-

MCIIONB30BaHMH paccTosHuA Maxananobuca B 1-NN
(onmMOKH ¥ CTaHAaPTHBIE OTKIOHEHHS PaBHbI 25,79
(0,17) u 24,73 (0,18) w11 MOMEHTHBIX H po0act-
HBIX OIIEHOK), B TO Bpems Kak Mah.depth B 3TOM
ClyYae MOKa3bpBaeT 3HAUMTENBHO XYJUIHE pe-
3yJIbTATHI.

B T1a61. 2 npuBeneHo cpasHeHHe DDao-Kiaccu-
¢dukaropa ¢ KiaaccupuKaTOpoM, OCHOBAHHEIM Ha
L,-riry6une [12], ¢ MCIIOIB30BAaHHEM TEX KE METO-
JI0B KIACCH(PHKAIIMM ayTCaiepoB, 4To H B Tabm. 1,
U Tpex JONOJHHTEIbHBIX Ha0OpOB JaHHbIX (Hemo-
philia, Diabetes w BloodTransfusion). 1lpu 3T0oM
obyuaromas BeIOOpKa (GOPMHpYeETCS CIIydYalHEIM
obpasoM u HacumreiBaeT 100 Habmozenwd s
Glass, Biomedical u Diabetes, 50 nns Hemophilia,
a g BloodTransfusion — TONOBHHY HaJIMYHBIX

Iyl0 M NpPOBEPOYHYH BHIGOPKH OTCYTCTBYeT, NaHHbIX. OcTaBIIHECs HalJIOACHHA HCIOIB3YHOTCS
obyuaromas GopMHpyeTcsi cTydaiHbIM BEIOOPOM  JUIA MPOBEPKHM 0000MAKIIEH CIIOCOCHOCTH, H pa3- 1
100 pabGmrogenuii (mo 50 M3 KaXmoro kKinacca) W3  JeleHue, kak H Beime, mosropserca 500 pas. Ha .
Glass w 150 wmabmopenmit (100 u 50) u3 Bcex mectu Habopax naHHBIX DDa-knaccudu- 1
Biomedical (3madenmsa i Habopa JaHHEIX KkaTtop B obumeM ycrymaer L,D-xiaccudukaropy, I
Biomedical ue cnemupuuupyercs B [13] 4 BH-  xora ero obo0maromas crnocobHOCTs BO MHOTOM I
Gpanbl apropamu). IIpoBepounas BeIOOpPKa (Op-  3aBHCHT OT METO/A KIACCH(HKALMK ayTCainepos. I
MHpYETCs M3 OCTaBIIMXcA HabmomeHwi, U Takoe  [Ipu ero mpaBWIBHOM BeiOOpe OmHMOKa, JOITyCKae- I
ciydaiinoe paspuenenme nposomures 500 pas. B mas DDo-kinaccudmkaropom, Omuska K TakoBoi ¢
Ta6m. 1 TPHBEACHBI yCPCIHCHHBIC 3HA~ 1, ¢, 4 ma 1. CpaBHenne Ha peanbHBIX MAHHBIX C KIACCH(HKATODOM, OCHOB&:;[H- K
YeHHs OMHOOK (B MPOIEHTAX), MOJY- HEIM Ha IIPOCKLHOHHOM ri1y0OHHe I
YeHHBIX HAa NpPOBEpOYHOH BHIOODKE, o MD MDyco PD DDa.
IIOI[OJ]HGHH]:IG CTaH)IapTHHM OTKJIO- ,I[a:'ﬂ?ﬂ};l LDA | ODA k-NN Singt’e— Multi- Sing[e- Multi- Single— Mulii- 1-NN Mah. deprh 1
ek (B RGN ) - scale | scale | scale | scale | scale |scale | ™ | Mom.| MCD

M3y ), TAIOKC [ heric| 10,80]10,20]11,70] 13,00 | 11,60] 10,30 | 10,40] 10,00 10,50]12,10] 11,90] 12,00 C
TIPEACTABIAOMEM CO0O0H B JAHHOM [ 7 [30,59]36,13]22,88] 26,59 |26,14] 24,92 [24.43] 25,70 | 25,24 29.45130,09]35,06 c
cTydae BaxHbIi Mokasaress. [Tocmen- (0.25)((0,26)[(0.24)] 0,25) | 0,25)] (0,25) [(0,25)] (0,34) [(0,33)[(0,20){(0,18){(0.,22 Y

Bio- |15,66|12,57|17,88] 12,44 | 12,04 14,25 [ 14,03 12,37 [12,18]13,51[12,91]15,23

HHE TpU KOJIOHKH Tabiu. 1 orobpaka- |medical (0,14)[(0,12)|(0,15)} (0,13) |(0,12)| (0,13) {(0,14) | (0,14) |(0,13)](0,14){(0,14)}(0,16 B
10T pe3yisTaTel g DDo-knaccudu- B
Katopa ¢ NPAMEHEHHeM OIHCAHHBIX Tadbnuua 2. Sﬁ;gzzl:e HA PEATHHBIX JAHHBIX C KIacCH(HKaTOpoM Ha ocHoBe L~ n
METONOB KiIaccupHUKa ayTcaiiae-

& uxamm - ayTcain MD L,D DDo. A
pos, obosHaueHHkIX | NN, Mah.depth | Habop |, p, | on 4 g vw Mah. depth | K
(Mom.) w Mah.Depth (MCD) coor- | "™ Mom.| MCD Mom. | MCDL LN b Tl g
BETCTBEHHO. Synthetic 10,80 | 10,20 |11,70{10,20(10,60{ 9,60 [10,70{12,10{11,90] 12,00

W3 Tabm 1 coemver. Uro Xoti Ha |Hemophitia | 1322 | 1547 [15,79115,84/17,1315,39(16,43{16,63 | 18,65 19,39
Sintheid O A, emoPRTE | (027) | (0.26) |(0,30)/(0,30)[(0.32)](0.32)|(0.32){(0,20)|(0,22) (0,22) Y
ynthetic  DDa-kiaccuuxarop He- Gilass 30,69 | 36,13 [22,78]26,80(24,80(27,6424,75|30,13 |32,88] 36,82 p
CKOJBKO ycTymaer PD-knaccupuka- (0,25) | (0,25) [(0,24)[(0,26)((0,29)[(0,29)|(0,26){(0,19)(0,22)| (0,23) K
ropy, 23 Biomedical oft nOKSHNECT |pomedical | | 5 | oo ool oan|0islomiein o] |

3 ) 3 bl 3 ) ) 3 3 ) 3

BIOJHE CPAaBHHMBIC pE3yNbTarsl. [l Diberes | 1046 | 9,39 [10,04] 8,22 [11,491 9,39 111,92[10,77 12,70 15,90 c:
Glass-pe3ynsTaToB, CpaBHEMEIX ¢ PD, (0,18) | (0,18) [(0,18){(0,18)[(0,22)[(0,21)|(0,27)[(0,12)|(0,18){ (0,19 I
HO C MEHBIIMMH CTaHIAPTHBIMH OT- Blood Trans-| 23,08 | 22,61 |27,69|22,75(22,17{22,30(22,06{23,11 |22,59] 22,17 K:
KJIOHEHHAMH, YJAeTcs JOCTHYL IIPH fuusion (0,03) | (0,05) |(0,09){(0,07)((0,08){(0,07)|(0,07)}(0,06)(0,06)| (0,06)
56 YCuM, 2013, Ne 2 ¥c




15,79
dact-
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ACCH-
M Ha
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IHBIM

T

ana LpD-xnaccuduxaropa (mis Habopa JaHHEIX
Glass ee MOXXKHO 3HaYUTEIEHO YMEHBIUTD, UCTIOJb-
3ys paccrosHue Maxananobuca B 1-NN). Tak, qs
Hemophilia, nanpumep, pexomenmyetrcs 1-NN,
korga jns BloodTransfusion Bce mpemnokeHHBIE
METO/bI TOKAa3bIBAIOT HEILUIOXHE PE3YJIbTATEL.

3axmrouenue. [IpenmoxkeHHbIH HOBBIA METOJ
00y4CHHsI pacmo3HaBaHUIO 00pa3oB OTIHYAETCH
TIOJIHOH HeNapaMeTpUuHOCThI0. DDa-kmaccudu-
KaTop, HCNONb3ys IIyOHHY 30HOHIa, OTOOpaxaeT
JaHHBIE B O-MepHOE IITyOMHHOE MPOCTPAHCTBO, B
TIOIMHOMHATILHOM PACIIUPEHUH KOTOPOrO KJIACCHI
o0yyJaronieil BEIOOPKH pa3ieNsroTcs THHEHHBIM pe-
MAKOIIMM IPAaBHJIOM IIPH MOMOLIA Ct-TIPOLEIYPHI.
bnaromaps stomy coderanuio DDa-knaccuduxa-
TOp 00MaNaeT BEICOKOH CKOPOCTBIO KaK 00y4eHH s,
Tak ¥ KIaCCHQHKALMH, NPEBOCXOAS CYIIECTBYIO-
(e HemapaMeTpuueckue kiaccupukaropsl. OH
TAKOKE IIOKA3hIBAET BIIOJIHE KOHKYPEHTOCIIOCO0-
HYI0 OMHOKY B 3ajjayax OOydeHHS paclio3HaBa-
HUIO 00pa3’0B C IMOTHYECKH pacIpe/ieIeHHbIMH
KJaccaMH, NPOABIAA IIPH 3TOM YCTOHYHBOCTE K
BLIOpPOCAM B JIaHHBIX. OKCIICPHMEHTHI [TOKa3bIBa-
10T NPHMEHHMOCTh TIIpEIaraeMoro Meroja K
ACHMMETPHYHBIM JaHHBIM, a TAKXKE [PH HATHIHH
KJIACCOB, NMOPOXIEHHBIX pPa3HBIMH CEMEHCTBAMH
pacrnpeeIcH .

B omimune or GonpmMHCTBA NpeLIaracMbIX B
nmarepatype nponeayp, DDa-knaccupukarop pac-
CMATpHBAET IOJIHOE MPOCTPAHCTBO TIIyOHH (OTHO-
CHTENBHO BCEX pAacCMaTpHBAEMEIX B 3aJaye KJac-
COB), BBINONHAA OMHapHOe paseneHue. MeTon He
HYX/Ia€TCA B IOCTHPOBKE OT/C/IBHbBIX OIPCIACIICH-
HBIX MapameTpoB Mozend. DDo-knaccuduxarop
JIETKO MOXeT ObITh NMPHMEHHM B KOMOHHAILHH C
APYTHMH METOJIaMH KJIaCCH(HKALIUH, a TAKKe [
KOHCTPYHMPOBAHHA HOBBIX HOTALIHit IITyOHHBI, BKJIFO-
4as (yHKIHOHATBHYIO.

Teopernyeckue pe3ynbTaTsl HOKA3bIBAIOT, YTO
Meron cxomuTes K baliecoBckomy knaccudukaro-
Py B ciydasx, Korjga ABa Kjacca SBISIOTCH 3ep-
KaTbHBIM OTPaXEHHEM JIpYT ApYra, M IJIs JJLIHII-
THYECKH PacIpeAe/IeHHBIX KJIACCOB, OTIMYAIOIIHX-
C1 mumb nonoxeHueM. [Ipumensemas B Merone
TiIyOuna 30HOMa o0nanaer paaoM MPEHMYIIECTB
KaK B TEOPETHYECKOM, TaK U B BEIYHCIIMTEIEHOM
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CMBICJIE: B IIEPBYIO OYEPE/Ib OHA MOXET OBITH 3()-
(EeKTHBHO pacCUMTaHa JIi MHOTOMEPHEBIX JIAHHBIX,
Jaxe B pa3MepHOCTAX mopsnka 15-20 u OGonee.
XoTa 10T (akT, YTO €€ MaKCHMyM JOCTHIacTCs B
MaTeMaTHYECKOM OXHIAHHM, M BIEYET IIOTEPHO
pobactHocTH 11 ry6uHEl, DDo-KnaccubukaTop
CTIpaBJIAETCA C 3arpA3HEHHBIMH BbIOpocamH JaH-
HBIMH. JTO MOKHO OOBACHHTBH TeM, 4TO 00ydaro-
Ias BBIOOpKa cIiepBa OTOOpa)kaercs B KOMIIAKT-
HOE€ MPOCTPAHCTBO — CIMHMYHBIA THIIEPKYD, M
JMIUIbL TIOTOM PpasfelsieTcs O-Ipoleaypoi, KoTo-
pasi, onepHpys KOODAMHATHBIMM OCSMH, OT/IHYa-
€TCs BBICOKOH CTENEHbIO pOOaCTHOCTH.

ITepcniekTUBHBIM U OYAyHIMX HCCIIEIOBAHHIA
€cTh Oosee JETAaNbHOE TEOPETHYECKOE H3YUCHME
ceotictB DDa-knaccuduxaropa, ero o6o6miaromei
CIIOCOOHOCTH Ha aCHMMETPHYHLIX PacIpeIeIeHHIX
H paclpejefleBuAX C «THKENBIMH XBOCTaMH», a
TAaKXKe BHIOOP, BO3MOXKHO aJIalTHBHEIM, Gonee 3¢-
dbexmuBHBEIX MeTOmOB KIaccuukaiuK ayTcaiine-
POB M HOTAIHi MTyOHHEL
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