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� Homogeneity Tests in Mixtures of Exponenti�

als

In survival analysis the distribution of a lifetimeY can often be modeled by a mixture
of exponential distributions� for some theory and applications see the recent survey
by McLachlan �
��
�� Then	 with some unknown mixing distribution � on IR�	 the
survival function reads

S�y� � P �Y � y� �
Z
IR�

e�
y

ud��u�� y � �� �
�

We assume that � has �nite fourth moment and
R
IR�

ud��u� � �� An important
problem in many applications is whether	 given the data	 � is concentrated at some
single point u� � �	 in other words	 whether Y follows a non�mixed exponential
distribution with mean u�	 or not�

For testing the null hypothesis	

H� � ��fu�g� � 
 at some u� � �� ���

i�e�	 �H� � Y has density �
u�

exp�� y

u�
��	 several approaches are practical	 among

them tests for overdispersion	 likelihood procedures and goodness�of��t tests� In
this paper we investigate the power of �ve such tests and	 in addition	 two hybrid
procedures	 which are combinations of a goodness�of��t test with another test� All
these tests are invariant against scale transformations of the data�

The power of the tests is compared on the following alternative hypotheses�

� Two�component mixtures having density

fY �y� � �
 � ��



u
exp��y

u
� � �




v
exp��y

v
�� y � �� ���

As the tests statistics are scale invariant	 u is �xed to u � 
	 while � and v are
systematically varied�
�� Three�component mixtures generated by a mixing distribution having mass �j at
three points uj	 j � 
� �� �	 where u� � 
��	 u� � 
 and u� � �	 for various values
of � and �j�
�� Five�component mixtures generated by a discrete uniform mixing distribution on
u� � 
���	 u� � 
��	 u� � 
	 u� � � and u� � ��	 for various values of ��
�� Continuous mixtures� Here � is ��a� exponential with mean at 
	 ��b� conti�
nuous uniform on ��� 
�	 ��c� the distribution of a random variable U where U�� has
continuous uniform distribution on ��� 
�	 in other words	 � is an inverse rectangle
distribution�

Given a sample Y�� Y�� � � � � Yn that is i�i�d� by �
�	 we consider the following test
statistics� First an overdispersion statistic is used

On �
�

n��

Pn
i���Yi � Y �� � �

�n

Pn
i�� Y

�
i

Y
�

�
n�n� 
�

n� 


� �

�

� ���

�



whose quantiles underH� have been obtained by simulation� see Table �� All quantile
tables are found in Appendix B�

The second test statistic is a moment likelihood ratio statistic� Let

m� � Y � m� �



�




n

nX
i��

Y �
i � m� �




�




n

nX
i��

Y �
i �

u��� �
m� �m�m� �

p
��m� �m�

���m
�
� �m�m�� � �m�m� �m���

��m� �m���
�

	 � �m�� u����u� � u�� and M � m��m�
�� Let the symbol log denote the natural

logarithm�

The moment likelihood ratio statistic Rmom
n is given by

Rmom
n �

��������
�������

Pn
i��

h
log

�
�

u�
exp�� Yi

u�
� � ���

u�
exp�� Yi

u�
�
	
� log

�
�
m�

exp�� Yi
m�

�
	i

if M � � and u� � ��Pn
i��

h
log

�
m�m��m

�
�

m�
�

exp��m�Yi
m�

�
	
� log

�
�
m�

exp�� Yi
m�

�
	i

if M � � and u� � ��
�� if M � ��

�
�

Quantiles of Rmom
n 	 calculated by simulation	 are collected in Table 
�

Further	 three goodness�of��t procedures are used� a one�sided Kolmogorov�Smirnov
test	 an Anderson�Darling test	 and a test by Tiku �
�����

Let Y	�
 � Y	�
 � � � � Y	n
 be the ordered sample	 Y	�
 � �� Then

Vi �

Pi
k���n� 
� k��Y	k
 � Y	k��
�Pn
k���n� 
� k��Y	k
 � Y	k��
�

� i � 
� �� � � � � n� 
� ���

are the order statistics of n � 
 variables i�i�d� uniformly on ��� 
�� The one�sided
Kolmogorov�Smirnov statistic of them reads �with �nite sample correction�

D�
n � max

i�������n��



i

n� 

� Vi

�
�
�p

n� 
 � ��
� �
��

p
n� 


�
� ���

The Anderson�Darling statistic is

A�
n �

�
�n� 


n

nX
i��



��i� 
� log

�

� exp��Y	i


Y
�

�
� ��n� 
 � �i�

Y	i


Y

��
�
�

 �

���

n

�
�

���
For these versions of Kolmogorov�Smirnov and Anderson�Darling	 see D�Agostino
and Stephens �
����� Their critical values are reproduced in Table ��

Tiku�s �
���� test statistic is given by

Tn �
n��X
i��

n� 
� i

n� �

�n� i��Y	i��
 � Y	i
�Pn��
k���n� k��Y	k��
 � Y	k
�

� ���

�



The statistic is two�sided	 and its distribution converges very rapidly to a normal
distribution with mean �

�
and variance �
��n � ������

Finally	 we employ a combination of the overdispersion test and the Kolmogorov�
Smirnov test�

Reject H� if D�
n � t� or On � t��

For given size 
	 we choose t� and t� such that the probability of rejection P �D�
n �

t� or On � t�� is equal to 
 and that both P �D�
n � t�� and P �On � t�� are

approximately equal to some �
 � 
� Table � presents critical values t� and t� for
various sample sizes n and test sizes 
�

A similar combination of the moment likelihood test and the Kolmogorov�Smirnov
test	

Reject H� if D�
n � s� or Rmom

n � s��

has been investigated� For critical values see Table ��

In the next two sections the power of these tests is investigated on various alter�
natives	 which are two�component mixtures in Section � and higher mixtures in
Section �� It comes out that the moment likelihood test is not recommendable and
that	 among the above tests	 the combination of the overdispersion test with the
Kolmogorov�Smirnov test develops the best overall power� In addition we introduce
a likelihood ratio test �Section �� and show that its power exceeds the power of the
combined test on lower contaminations and is the same on other alternatives� Ho�
wever this likelihood ratio test is di�cult to implement and su�ers from numerical
instabilities�

Appendix A presents some computational details	 and Appendix C contains tables
with further power results�

� Power on Two�Component Mixtures

The power of the above tests has been evaluated on a broad range of two�component
mixture alternatives having density

f�y� � �
� �� exp��y� � �

v
exp��y

v
�� y � �� �
��

for various values of � and v	 n between 
� and 
� ���	 
 � ��
�� ���
 and ���
� At
each alternative	 �� ��� replications of the tests have been calculated�

�



Here we report empirical power results where � � ��
� ��
 and ���� � � ��
 indicates
a �fty��fty mixture of exponentials having di�erent means� The case � � ��
 may be
interpreted as an exponential distribution �whose mean is scaled down here to 
� that
is slightly contaminated �at a ten percent rate� by another exponential distribution
that has mean larger than 
� We call this shortly an upper contamination� On the
other hand	 � � ��� characterizes a mixture of two exponentials having di�erent
means where the larger weight �� � ���� is put on the higher mean� Due to the scale
invariance	 this is tantamount to having an exponential distribution with mean 

that is slightly contaminated by an exponential distribution with mean smaller than

 with contamination rate 
� � � ��
� Hence the case � � ��� is regarded as a lower

contamination�

First we compare the three goodness�of��t tests� It is rather obvious that Tiku�s test
can never be better than the Kolmogorov�Smirnov test� Figures 
	 � and � show	
in addition	 that the one�sided Kolmogorov�Smirnov test usually outperforms the
Anderson�Darling test� We refer to the results of Balakrishnan and Ambagaspitiya
�
���� who found that Tiku�s test on mixtures of exponentials in the whole is more
powerful than Durbin�s test and the test by Shapiro and Wilks� Therefore the latter
two are also inferior to the Kolmogorov�Smirnov test�

We compare the power of the overdispersion test with the best goodness�of��t�test�
From Figure � we see that an upper contamination is better detected by the overdi�
spersion test than by the Kolmogorov�Smirnov test� This holds similarly for small
and large samples� Figure � demonstrates that the reverse holds for lower contami�
nations� Here the Kolmogorov�Smirnov test clearly outperforms the overdispersion
test� with large samples it can have nearly double power� For �fty��fty mixtures
�see Figure 
� the situation is mixed� While at n � 
�� the Kolmogorov�Smirnov
test has usually more power than the overdispersion test	 at n � 
��� the latter is
more powerful�

Next the power of the moment likelihood test is investigated� See Figures � to
�� While for upper contaminations the moment likelihood test does fairly well
and better than the best goodness�of��t test �Kolmogorov�Smirnov�	 for �fty��fty
mixtures and lower contaminations its performance is very bad� In many cases	
even for large samples	 we get the paradox result that the power decreases when the
di�erence of the means increases�

The above power results have shown that	 depending on the alternatives	 in the
whole either the overdispersion test or the Kolmogorov�Smirnov test have the best
power among the tests considered so far� Figures � to � exhibit the power of the
combined test as well	 and it is seen that the combined test yields power which is
near to optimum over all alternatives� In Figures � to � the same is done for the
combination of the moment likelihood test with the Kolmogorov�Smirnov test�
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Figure �� Power of overdispersion and Kolmogorov�Smirnov tests on alternative
f�y� � ���e�y � ��
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Figure �� Power of moment likelihood and Kolmogorov�Smirnov tests on alternative
f�y� � ���e�y � ��
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Figure 

� Power on �ve�component mixtures f�y� � �
�

P�
j�� �

��j exp��y���j� �

� Power on Higher Mixtures

For three� and �ve component mixtures	 Figures 
� and 

 present the power of
the overdispersion and the Kolmogorov�Smirnov tests and of their combination� It
is seen that on equally weighted mixtures the di�erences in power may be neglec�
ted� Only the power of the moment likelihood test �not in the �gures� is much
lower� However	 e�g�	 on three�component mixtures with unequal weights �
� per�
cent contaminations on both sides� the overdispersion test does better than the
Kolmogorov�Smirnov test� This example again suggests the use of the combined
test�

The power on three di�erent continuous mixture alternatives is presented in Tables

 to �� These results are in line with the above�


�
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Table 
� Continuous mixture with � inverse rectangular on ��� 
�	 
 � ���
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n ������ �����
 ��
��� ������ ������ 
����� 
�����
Rmom

n jD�
n ��
��� ������ ������ ���
�� ������ 
����� 
�����

Table �� Continuous mixture with � rectangular on ��� 
�	 
 � ���


Test n

� �� 
� 
�� ��� 
�� 
���

On ������ ���
�
 ���

� �����
 
����� 
����� 
�����
Rmom

n ������ ������ ��
��� ������ ������ ������ 
�����
A�

n ���
�� ���

� ���

� ������ 
����� 
����� 
�����
D�

n ������ ����
� ������ �����
 
����� 
����� 
�����
Tn ������ ��
��� ������ ������ 
����� 
����� 
�����
OnjD�

n ����
� ������ ������ ������ 
����� 
����� 
�����
Rmom

n jD�
n ���
�� ������ ������ ������ 
����� 
����� 
�����

Table �� Continuous mixture with � exponential	 � � Exp�
�	 
 � ���



�



� Comparison with a maximum likelihood test

The likelihood ratio statistic is given by

Rn � sup
��H�

l�yj��� sup
��H�

l�yj��� �

�

where l�yj�� is the log�likelihood given a parameter vector �� While the likelihood in
the second term is maximized �ML estimation under the null hypothesis� at � equal
to the sample mean	 the �rst supremum �ML estimation under the alternative� has
to be calculated numerically� Also the quantiles have to be assessed by simulation�
This makes the likelihood ratio statistic more complicated and costly to apply than
the statistics discussed so far� Things become additionally involved as the evaluation
of the likelihood ratio test statistic �as well as the estimation of its quantiles� heavily
depends on the numerical procedure used for calculating sup��H�

l�yj��� see Seidel
et al� �
�����

We studied the statistic �

� in the case thatH� includes all two�component mixtures
���� For calculating the supremum we used an EM algorithm starting at � � ��
	
u� � ��
 y and u� � 
�
 y� For other starting strategies and computational details we
refer to Seidel et al��
����� Simulated quantiles �obtained from 
�� ��� replications�
are presented in Table ��

This numerical version of the likelihood ratio test has been compared with the
above tests� The number of replications was 
� ���� It comes out that for �fty��fty
mixtures its power is the same as that of the combined overdispersion�KS test� For
lower contaminations the likelihood ratio test by far outperforms the combined test	
while for upper contaminations the likelihood ratio test appears to have slightly less
power� See Figures 
� and 
�	 which also contrast these two tests with the moment
likelihood test�
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Figure 
�� Power of likelihood ratio and other tests on alternative
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���e�y� �

v
e�

y
v 	 upper contamination �� � ��
�	 �fty��fty mixture �� � ��
�	

lower contamination �� � �����
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Appendix A� Computational Details

The number of replications was 
 ��� ��� for quantiles of the overdispersion test	
the likelihood ratio and the moment likelihood test� 
� ��� replications have been
used in calculating the power of the likelihood ratio test	 and �� ��� for the power
of the other tests	 on the various alternatives�

Quantiles for the combined tests have been determined in such a way that the
individual tests have equal size �lower than the size of the combined test� and that
the actual size of the combined test �calculated from 
� ��� replications� is close
to its nominal size� In fact	 the given quantiles are preliminary ones	 and in most
cases they are conservative� The actual size of tests based on them di�ers from the
nominal size by up to ten percent and	 in a few cases	 by more�

Appendix B� Quantiles

This appendix includes selected quantiles of the tests investigated�
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Appendix C� Further Power Results

In this appendix we present further power results� The �rst twelve tables present the
power of the di�erent tests on two�component mixtures dependent on the sample
size n	 for selected values of 
� � and v�
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