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This paper is a revised and expanded version of a paper entitled ‘Depth
based support vector classifiers to detect data nests of rare events’
presented at the VI International Workshop on Computational Economics and
Econometrics, Rome, 27 June 2018 and DStatG Nachwuchsworkshop, Linz,
10 September 2018.

1 Introduction

As mentioned in the title, this paper’s approach to classification is based on data depth:
given a sample or ‘cloud’ X of data points z1,...,zy in R? a data depth is a
function D (z|X) : R? — [0, 1] that describes how ‘deep’ z lies in X: values near to
0 mean that z is far away from the centre of X and values close to 1 signify that
z is located in or next to the centre of X. The relevant literature consists of many
research contributions relating to data depths. The different approaches range from the
development of individual depths such as the ‘Mahalanobis depth’ (see Mahalanobis,
1936) or the ‘halfspace depth’ (see Donoho and Gasko, 1992) over the formalisation
and systematisation of certain depth characteristics (see, e.g., Dyckerhoff, 2004) to using
data depths for classification purposes.

Concerning the latter approach, the work of Li et al. (2012), which developed
the DD-classification as a new classification method based on data depths, is worth
mentioning: they analyse the quantity (D (zx|X),D (2x]Y)) € [0,1]> k=1,..., N, the
so called DD-plot, for given training points 21, ..., z,. The aim is to construct a decision
rule based on the DD-plot instead of using the initial data points for reference. After
determining the depths 2* = D (2*|X) and y* = D (2*|Y’), a new data point z* can thus
be classified by applying this decision rule to (z*,y*). In recent years, scientists took
a number of different approaches as to how a decision rule based on the DD-plot can
be constructed: while Li et al. (2012) applied polynomial dividing lines, Mozharovskyi
(2014) among others uses a non-parametric approach in his DD-«a-procedure.

This project aims to take up the approach of Kim et al. (2018). It is based on the
application of SVMs in the DD-plot meaning that the different points of the DD-plot
are separated with the help of separating hyperplanes employing kernels. In doing so,
one expects that the use of SVM will allow for the construction of a decision rule that
will produce precise results even in the event of overlapping cases. For this project,
the main interest and focus is on the detection of rare events: such data structures
play a significant role in churn prediction analyses (see Reufl and Zwiesler, 2004) and
credit default or fraud management, for example. Therefore, this application serves as
a potential but not sole motivation to analyse the central issue of how to predict the
likelihood of a customer’s churn or default given that the training set contains merely
a very limited number of these customers in comparison to ‘normal’ customers. It is
very well possible that such churn or default customers deviate on average only very
little from others but that they are nevertheless clustered in certain segments. As a
consequence, there is a difference in dispersion rather than in location of the set X
(normal customers) and Y (churn/default customers). As X is additionally much bigger
than Y, this data structure can be described as a ‘data nest’ of Y located in X.

From an analytical point of view, this project strives to demonstrate that under the
assumption of an elliptical distribution, the separability in the DD-plot will increase
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with increasing data dimension if the characteristics of data nests are fulfilled. It may
seem intuitive to assume that access to more information will allow for a more precise
classification. However, the observation that the structure of the data itself seems to
be the reason that makes this classification possible deserves further investigation: due
to applying a data depth transformation and transferring the structure into the DD-plot,
the number of possible dimensions is drastically reduced from d to 2. What is more,
this transformation is irreversible. Yet, the question whether important information is
actually lost or rather compressed when carrying out this process remains. Ultimately,
using the DD-plot results in a radical simplification, thus in a trade-off between a loss
of information and a reduction of complexity. The latter aspect in particular is of great
significance in a big data context.

This paper is structured as followed: after this section serving as an introduction,
Section 2 will discuss the basic concepts and ideas. In Section 3, the analytical results
will be outlined and Section 4 will present the simulation studies before the conclusion
and summary of the results will be given in Section 5.

2 Basic ideas

2.1 Data depth

There is a range of approaches that make the concept of data depth accessible and many
of them can be found in the literature. For introductory purposes, the first part touched
upon the question which insights into specific datasets data depths can offer. But there is
also the possibility of an axiomatic illustration of data depth functions, which was first
carried out by Liu (1990) and also Zuo and Serfling (2000). Following this approach the
data depths functions can be defined either on samples X in R? or upon the underlying
probability distributions of these samples (see Dyckerhoff, 2004). Since it is sufficient
to look at specific datasets for the objective of this paper, the first approach will be
employed:

1 Affine invariant: D (Az + b|AX +b) = D (z|X) for all b € R? and regular
A e R4,

2 Null at infinity: im0 D (2| X) = 0.

3 Monotone on rays: For z* with D (2*|X) = max,cps D (2| X) and any o > 0 and
7 out of the unit sphere S~1, D (2* + ar|X) decreases in a in a weak sense.

4 Upper semi continuous: The upper level sets D, (X) := {z € R? : D (2|X) > o}
are closed for all o

Axiom 1 will play a crucial role for our analytic view: tt implies that the data depth
values of individual points do not depend on the choice of a specific coordinate system,
so changing that system has no influence whatsoever on the depth relations between
individual points. Axioms 2 and 3 refer to the initial idea that data depths are intended
to reflect the centrality of points in a set: if a point’s distance from the centre of the
set is significant, its depth should tend towards zero (axiom 2). Correspondingly, the
data depth of points is decreasing in a weak sense when those points are moving away
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from a point with maximum depth (axiom 3). As opposed to that, axiom 4 is of a mere
technical nature.

Taking into account the numerous different existing data depths, it needs to be said
that, for the vast majority of them, an exact depth value in high dimensions is very
difficult or even impossible to calculate with simple computing capacity. In this case,
‘high’ means d > 5 (see Mozharovskyi, 2014), meaning that one would actually have
to completely refrain from using data depths in the context of big data problems. The
Mabhalanobis depth, which goes back to the work of Mahalanobis (1936), is a noteworthy
exception: this data depth function, referred to as Dy (2|X) from now on, can be
computed in O (n) for every dimension and is based on the well-known Mahalanobis
distance:

—1

-1
j— —_ T p—
D (2] X) = (1 + (2 — px) ZX (2 MX)) 2.1)
Here 11x denotes the empirical mean and ), the empirical covariance matrix of X.

The Mabhalanobis depth is a so-called convex depth as it fulfills not only axioms 1 to 4
but also an additional fifth axiom (see Dyckerhoff, 2004):

5 Quasiconcavity: The upper level sets D, (X) are convex for all «.

Figure 1 Mahalanobis depth (grey) on a set in R? (red) (see online version for colours)

Figure 1 is an example of visualisation of the Mahalanobis depth: in the x1 — zo-plane,
set X containing 150 realisations of a random variable X ~ N (ux, > ,) with ux =

(0,0)" and 3" = (?;) are depicted in red. The depth function D) (2] X), which

was calculated on the basis of the empirically determined mean value px and the
empirically determined covariance matrix ), rises above the z; — xo-plane in grey.
The highest point of the function is located above the centre of X and from there, it
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drops fast in all directions. The resulting funnel structure of the function has elliptical
contour sets. With the help of this example, two major weaknesses of the Mahalanobis
depth can be pointed out: first of all, Djs (2| X) would take exactly the same course
on another, non-identical set Y, which would show the same empirical first and second
moments as X. This is due to the fact that the function depends solely on the first
two empirical moments. On the other hand, due to its elliptical contour sets, this depth
function is well-suited to depict in particular those data which are based on an elliptical
distribution, such as the normal distribution. Among others, these two mentioned weak
points of the Mahalanobis depth are the reasons why researchers have refrained from
using this depth (see for example Mosler, 2013) in recent times. However, we restrict
ourselves to the use of this depth function for the time being.

2.2 Depth-based classification

Subsequent to this, we want to understand how to use data depths for the classification
of (binary) data. With regard to this issue, Vencélek (2017) provides a detailed depiction
of the research results in the field of depth-based classification of the past 20 years:
his paper uses the term ‘advanced depth-based classifiers’ for those methods that resort
to the DD-plot, an abbreviation for ‘depth-versus-depth’ plot (see Li et al., 2012), thus
replacing the actual dataset. How such a DD-plot can be applied to binary classification
problems has already briefly been mentioned in the introduction and will now be
reviewed again in a formal definition:

Definition 1: Let z1,...,zy € R? be a sample of data points with known outcomes
wy € {—1,1}. Then we define classes

X = (2 e RYw; = -1,i € {1,...,N})
Y = (2 e RYw; =1,j € {1,...,N})

to get the the two-dimensional DD-plot
V= (’Uk = (xk,yk) S R2|l’k =D<Z1€|X),yk ZD(Zk|Y),k‘ S {1,...,N}) .

Of course {0, 1} instead of {1, 1} for the range of wj is suitable, but later on we will
see why this type of coding is especially useful.

A DD-plot is exemplarily shown in Figure 2(a): two sets are depicted in R3, the
set X (black, ‘negative-class’) and Y (red, ‘positive-class’). Both sets follow a normal
distribution with different centre points but equal covariance matrix. Accordingly, the
two datasets barely overlap. The DD-plot corresponding to these sets can be found in
Figure 2(b): in this plot, there is hardly any superimposition of the data points either.
The majority of those points are arranged along the two axes. Points which belong
to the set X (black) are arranged along the z-axis (D (z|X)) of the DD-plot, while
the arrangement of the points belonging to Y (red) is diametrically opposed, namely
along the y-axis (D (z|Y")). The DD-plot thus condenses the given information from the
original sets to determine X and Y’s location, meaning that all available information is
reduced to the question of where those points are located in the coordinate system and
in relation to the total amount of all points. If a point is located deeper in X than in Y,
it is bound to have a high x value and a low y value in the DD-plot, and vice versa. It
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is important to note that the resulting image in the DD-plot attempts to map as precisely
as possible the locational relationship, and nothing else but this locational relationship,
for each point on the basis of the given set of constellations. The fact that this mapping
depends on the choice of the data depth used and that it is accompanied by a reduction
of the dimension from d to 2, is obvious.

Figure 2 (a) X (black) and Y (red) in R® (b) Their DD-plot (see online version for colours)

depthwrt positiv-class

2 o G ° o
LA L

depth w.rt negativ-class

(b)

In order to be able to use a DD-plot for the classification, three steps are needed:

e Step 1: Calculate on given training sets a DD-plot.
e Step 2: Construct a decision rule based on this plot.

e  Step 3: Classification of a new data point: calculate its depth values and use the
constructed decision rule on these values.

Aside from the choice of the data depth, which is crucial for the appearance of the
DD-plot, the real difficulty of this method lies in the choice of the decision rule: a
very simple decision rule could be, for example, that a point in the DD-plot is always
assigned to that set in which its depth is maximal. Such a rule would graphically
correspond to the main diagonal in the DD-plot, as shown in Figure 3, a copy of
Figure 2(b) (in light blue). If a point, such as the point highlighted in dark blue in
Figure 2(b), was located above the main diagonal, it would accordingly be assigned to
the red set Y. This decision rule may be ideal for the given sets. Applying the same
rule to other set constellations, however, does by no means guarantee that comparably
good classification results will be achieved. In a nutshell, it can thus be said that for
a given set or data scenario, a new search for the best decision must be carried out in
each case.

How a decision rule for the respective DD-plot can be efficiently constructed is the
subject of a large number of publications of the past five years. In Vencalek (2017), the
DD-a-procedure of Mozharovskyi (2014) and Lange et al. (2014) is named as one of the
best methods currently available to construct a decision rule on the DD-plot quickly and
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efficiently: the idea of this method is based on the additional construction of a ‘feature’
space by using the coordinates of the DD-plot to form features for different k,{ > 0 of
the form D (z|X)* - D (2|Y)". In this feature-space, the separating hyperplane, which
produces the lowest classification error, then needs to be found. In order to be able to
do so, said features have to be calculated explicitly as they are required to determine
the hyperplane.

Figure 3 Same sets and DD-plot like in Figure 2 (see online version for colours)

depth .t positiv-class

depth w.rt negativ-class

Notes: The decision rule (light blue dotted) is just the line x = y and the point of interest (dark
blue) is classified to Y by this rule.

In contrast, the approach taken by Kim et al. (2018), that uses depth-based classifications
to predict bankruptcy, relies on SVMs. As will become evident in the next section,
features built on the DD-plot are also used but only in implicit instead of explicit form.
This method will be called depth-based support vector classifiers or depth-based SVMs,
in short dd-SVM (cf. Kim et al., 2018).

2.3 Support vector classifiers

SVMs from hereon, are among those classification methods which are described in
great detail in the literature (see for example Friedman et al., 2001). Vapnik (1995) first
introduced SVM in his theory of statistical learning, and in the years that followed, this
method was used in various areas of statistical research and practice (see Smola and
Scholkopf, 2004). The core idea of SVM is the construction of a separating hyperplane
on a training data sample 7' = ((vy,w1),..., (vn,wy)). In this sample, wy, ..., wn €
{—1, 1} are the observed outcomes of the points vy, ...,uxy € V C R¢, mentioned at the
beginning of Subsection 2.2. These outcomes are now estimated by the expression f .
It uses the (for the time being linear) hyperplane (3,v) + 3o in R? with 3 € R? and
By € R:

[ (v) =sign((B,v) + fo) (2.2)
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The use of function sign() corresponds to the coding of wy, in {-1, 1}. First of all,
let us suppose that the samples X7 = (v;|w; = —1) and Y7 = (vjw; = 1) are linearly
separable in R. In that case, there would be at least one combination of 5 and 3, such
that for k = 1,..., N, the following applies:

wy, - ({(By00) + Bo) > 1 = wy - f () =1 (2.3)

In order to find the ‘best’ combination of 5 and 8y among these possible combinations,
there exist several approaches. One possible approach is the minimisation of ||3|| (or
as in this example %HBH?). Combined with condition (2.3), this results in a convex
optimisation problem:

1
gléni 18I wort. wy - ((B,vp) + Bo) > 1 fork=1,....N (2.4)
2P0

If X7 and YT overlap, which is almost always the case, there are two possibilities that
can be combined with each other: on the one hand, the optimisation problem (2.4) is

complemented by slack variables &1,...,&N:
.1 2
ming ||5]]
N
wy - ((B,v) + Bo) > 1 =& _
JrCl;fkw.r.t. { £ 50.C>0 fork=1,...,N (2.5)

The parameter C' is referred to as the cost parameter: the larger this parameter is, the
more important it is to ensure that as few points vy as possible lie on the ‘wrong’ side
of the hyperplane (if this was possible for all vy, as in the case of linear separability of
the sets X7 and Y7, C = oo could be set). The solutions (B, 30) for equation (2.5) can
now be determined by using Lagrangian multipliers (see for example Gill et al., 2003):

N N
Bo =, 8= arwpve = f (v) = sign (Z kWi (Vk, V) + a0> (2.6)
k=1 k=1
On the other hand, it is also possible to transfer the space V' into a higher-dimensional
feature space by means of a map ¢ : V — RP (D > d) in order to be able to solve
the optimisation problem from equation (2.5). Friedman et al. (2001) for example show
that such a solution, similar to equation (2.6), depends solely on the inner products of
individual vectors:

N
f (v) = sign <Z dwi (o (i) , ¢ (v)) + 070) 2.7)
k=1

What is more, in order to determine equation (2.7), one exclusively needs information
about inner products of vectors and not about the vectors themselves. Put differently,
this means that instead of ¢ (v*) and ¢ (v), only (¢ (v*), (v)) plays a role in the
calculations. Accordingly, the individual features do not have to be calculated explicitly
but the inner product in the feature space can be implicitly determined by using a kernel
function K (v*,v) = (¢ (v*), ¢ (v)) to arrive at the following solution:

N
f (v) = sign <Z dpwik (v, v) + 640> (2.3)
k=1
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Those vy, with &, # 0 are called support vectors. The solution parameters {dyg, . .., dn}
depend not only on the choice of the kernel function but also on the height of the cost
parameter C'. A kernel function often used in the literature (see Hsu et al., 2003) is the
radial basis function (RFB):

K (0",0) = exp (—[[o* = o) 2.9)

Using equation (2.9), the solution parameters {¢o,...,&yN} in equation (2.8) thus
correspond to a parameter pair (C,~). On a given training sample, a specific validation
method via this parameter pair can be used by carrying out a grid search in order to
determine the best solution for the specific classification problem. A possible validation
method could, for example, be the cross validation method (see Friedman et al., 2001).

The idea of SVM and the classification by means of a DD-plot can now be combined
to form the hybrid classification method DD-SVM, comprising the following steps:

e Step 1: Given T = ((z1,w1), ..., (25, wn)) with 2z € R? and wy, € {—1,1} for
all k calculate V = (v, = (w1, yx) € R%|zp = D (21| X), yx = D (2x]Y),
ke {l,...,N}), the DD-plot, there X = (zL € Rijw; = —1) and
Y = (Zj S Rd\wj = 1)

e  Step 2: By using a reasonable validation method, do a grid search on
(C,~) to find optimal {dy,}1_, for a decision rule f (v) =

sign (25:1 apwy exp | — ||lox — v\|2> + do) on the training sample 7.

e Step 3: Classification of a new data point z*: calculate v* = (D (2*|X),

D (2*|Y)), then one can classify z* with w* = f (v*) € {—1, 1}.

2.4 Data nests of rare events

When using a hybrid method, it is crucial to clarify why a combination of two different
methods leads to better results than the use of one method by itself: applied to the
present analysis, this means that one has to analyse why DD-SVM should provide
better results than just using SVM without data depth transformation. Accordingly, the
aim of this paper is to provide extrinsic motivation for the use of DD-SVM by pointing
to a concrete data structure in which it can be assumed that a hybrid method of data
depths and SVM makes sense:

Definition 2: Let X = (z1,...,z,) be an iid sample of the random vector X’ with
moments (px,» ) and Y = (y1,...,¥,) an iid sample of the random vector Y with
moments (,uy, Zy), both located in R?. Then Y is a data nest of rare events with
respect to X if both of the following conditions are fulfilled:

I m<<n.

2 >y — 2.y is positive semi definite.

For the last condition we write > v 2> Zy- This means that ) has less dispersion than
X.

Figure 4 serves to illustrate this definition: Figure 4(a) shows two samples in R3,
which are based on normal distributions and satisfy both conditions of Definition 2: of
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the 5,000 data points that make up X (black) and Y (red), only 50 are attributable to
sample Y. Accordingly, Y accounts for only 1% of the total data points. Condition 1
is thus satisfied. In addition, ), =Zg, but for Y, = Q"diag[e:...,p4Q with
a orthogonal matrix ) the eigenvalues ¢1,...,¢4 are randomly drawn from the
interval [0.05, 0.15]. Consequently, because pr < 1 forall k, 3, — >y, = QT diag[1 —
©1...,1— 4@ is positive definite, therefore condition (2) is also satisfied. The
corresponding DD-plot shown on Figure 4(b) will be discussed later in this section.

Figure 4 (a) A data nest (red) in R® (b) Its DD-plot (see online version for colours)

10

depthw rt positiv-class

depth w.rt negativ-class

(@) (b)

In the literature, a term similar to ‘data nest of rare events’ can be found: Reuf
and Zwiesler (2004) speak about so-called ‘churn nests’ in the framework of churn
prediction analyses. This term is used to describe the phenomenon that cancellation
customers in relation to the set of all customers are frequently located in certain
segments, as has already been briefly mentioned at the beginning of this paper. The
reasons for this can be manifold: customers who have not been affiliated with a given
company for an extended amount of time are more likely to resign than those who have
long since been a part of the company’s customer base, for example (see Kahlenberg,
2005). This higher degree of similarity of cancellation customers with each other could
mathematically be described with a lower variance within the cancellation customer
segment compared to the normal customer segment. Moreover, in a ‘healthy’ company,
the number of loyal customers, i.e., those who stay with the company, by far exceeds
the number of customers leaving the company in a given period. It can therefore be
assumed that there are significantly more normal customers than cancellation customers
in the entire customer segment. As a result, a rare event problem exists and a ‘churn
nest’ corresponds exactly to Definition 2.

Why data nests of rare events can be considered data structures that motivate
the use of a hybrid method such as DD-SVM will become evident in the following
discussion. For this purpose, the detection of ‘churn nests’ needs to be put in the big data
context. For each customer, there is a variety of information and thus different variables
available, which is why high-dimensional data structures are present in this case. Both
the findings in the literature (see for example Friedman et al., 2001) and the following
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simulation studies make it clear that it is difficult to apply SVM in the high-dimensional
case: although accurate results can still be achieved, this can only be done at the cost of
excessive calculation times. This problem can only be solved by variable selection (see
Hsu et al., 2003). However, such a selection would in itself produce new challenges.
Ultimately, the classification problem is thus rendered increasingly complex and more
difficult to solve.

Figure 5 (a) A DD-plot of a data nest in R3® (b) With a zoom into the interesting region
next to the origin (see online version for colours)
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In contrast, this problem does not occur when using DD-SVM on high-dimensional
data nest structures: in this case, a special property of the data-depth transformation
even leads to a simplification of the classification problem. To understand this, the
DD-plot from Figure 4 needs to initially be considered. It has been generated on a
three-dimensional data nest. As one might expect, most points from X accumulate
along the z-axis and have a very low y-value. This reflects that hardly any points
from X are deep in the data nest Y. Conversely, there are definitely points from Y
with high x-values since the data nest is located near the centre of X. Their y-values,
however, are higher than the y-values of the X points. This is true even if, in absolute
terms, more points from X than points from Y have a high y-value. In this regard,
it is important to keep in mind the small share of Y of all points together. Figure 5
shows a DD-plot which was created on a thirty-dimensional data nest structure: the
first important observation is that all points are concentrated in the lower left part of
the DD-plot. Compared to the low-dimensional case, the data points have ‘migrated’ to
the origin. Even more importantly though, the points from the data nest migrate ‘more
slowly’, meaning that their y- as well as their x-values in the DD-plot decrease more
slowly with increasing data dimension than the corresponding values of the remaining
points from X. As a result, a linearly separable dataset is obtained in the DD-plot, as
shown in the plot itself (a) or in the zoom (b) of Figure 5. SVM can thus be applied
very easily and without much computational effort on this DD-plot for the purpose of
classification. Consequently, using a hybrid approach makes sense (see, e.g., Kim et al.,
2018).

The aim of the analytic approach in the next section is to mathematically
comprehend this property of the data depth transformation, which contributes decisively
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to the simplification of the classification problem. In fact, it is not easy to understand
why the data points migrate with different velocities in the DD-plot. Especially the fact
that this implies that points from the data nest Y are not only deeper in their own set
but even deeper in the set X than points from X itself, needs clarification.

3 Analytical results

In order to be able to make analytical assessments, different restrictions must be made
with regard to the distribution of the datasets. This section solely focuses on the case
of elliptical distributed datasets. It has already been mentioned in the beginning that
the Mahalanobis depth D), (z|-) can best be applied to such datasets. Following this
line of thought, the term ‘elliptical distribution’ will be formally defined at first. This
definition, following Theorem 2.1 in Fang et al. (1990), will also include the definition
of spherical distributions:

Definition 3: Let X and ) be random vectors in R<,

1 X is said to have a spherical distribution if its characteristic function ¥y (¢) has
the following form:

Yy (x) =T (xTac) .

The scalar function I (+) is called characteristic generator of the spherical
distribution and therefore we write X ~ Sy (T').

2 ) is said to have an elliptical distribution with parameters ; € R% and ) € R?*4,
where rank (Q) = k, if it has the same distribution as

p+A'Z

where Z ~ Sy, (T') and for A € RF*4 holds: AT A = Q. For the case
rank () = d A = Q2 is set. In all cases we write J ~ ECq (11, Q,T).

The following propositions along with their proofs can also be found in Fang et al.

(1990) as a corollary of Theorem 2.2 in Subsection 2.3. In the following, z < y denotes,
that both r.v. are identical distributed:

Proposition 1: Let X ~ Sq(T') and Y ~ ECy (11,2, T) with rank (Q2) = d defined on
the same characteristic generator I' (-). Then for a randomly drawn z from X and y
from ) with corresponding z ~ Sy (I') we have the stochastic representation

x z

d 1 d 1
x:”xHW:T(iu(d) andy:'u+||ZHQzW:M+Td92u(d)

with ﬁ Lyd L HEH be uniformly distributed on the unit sphere S9~! and

independent of r.v. ||z|| Lrg L [|z]| = 0. 4 is called generating variate and identified
by I'(+) and d.
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Elliptical can thus be traced back to a combined distribution of the uniformly distributed
random variable u(?) and the generating variate 74 > 0. The existence of E (7”3) has
consequences for the existence of the first two moments of the distribution:

Proposition 2: Let X ~ Sg(T') and Y ~ EC4(p,Q,T) with rank (2) =d and
generating variate rq4. If E (r2) < oo then the following holds:

E (r2 E (r2
pax =0, strd)-IdanduyZM,E = (;d)-Q.
X y

Also the relationship between generating variates of different dimensions can be
clarified:

Proposition 3: Let r4, and rg, be two generating variates of different dimensions, but
related to the same characteristic generator I' (+). If d; < d», then it holds:

d
Td, = Tdy )

with b? ~ Beta (%, 925%) independent of rq,. Therefore, if E (r3,) < oo also

E (r3 ) < oo, and we get:

d
E (%) =E (3, 1) =E(r},) - &
2
We will later use this proposition for comparing elliptical distributions of different
dimensions.
For now, however, a simple lemma will be considered:

Lemma 4: Let X* ~ ECy (ppx~, Qa=, I') with rank (Qx+) = d and Y* ~ ECy(uy~,
Qy«, T') also with rank (£2y~) = d. Furthermore, for the generating variate r4 > 0 holds
E (r3) < oc. For an iid sample X* = (z7,...,}) from X* and an iid sample Y* =
(y1,...,yy,) from Y* the two samples X = (x1,...,2,) and Y = (y1,...,ym) are
defined by x; = Q;% (xf —px-) forall 1 <i<n and y; = Q;% . (y;‘ — NX*) for
all 1 < j < m. For these samples holds:

1 X is an iid sample from the r.v. X ~ Sy (T") and Y is an iid sample from the r.v.
Y~ ECy (11, QL) with j1 = Q3 - (uy- — pu-) and © = Q3 - Qe - Q32

2 The samples (X*,Y*) and (X,Y) have the same DD-plot, so for any z* € R?¢
and z = Q;% - (z* — pa~) holds: D (2*|X*) = D (z|X) and
D (z*|Y*) =D (z]Y).

30 Y e 22y S 2 =200y e 0< ¢ <1 forall eigenvalues ¢, ..., pq of €.

The proof of Lemma 4 can be found in Appendix. Thanks to this lemma, w.l.o.g. it
suffices to assume a spherically distributed dataset X and an elliptically distributed
dataset Y in the following analytical considerations as well as in the later simulation
studies.
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Lemma 5: Let X = (x1,...,%,) be an iid sample from r.v. X and Y = (y1 ..., %) an
iid sample from r.v. ). Futhermore let Dy, (2| X) = (1 + (2= pa) " Z;l (z — p;()>

-1
and Dy (2|Y) = (1 +(z— /,Ly)—r Z;l (z — /@)) be the Mahalanobis depth
functions on the theoretical moments instead the empirical moments. Then, the following
holds:

P [ lim sup |Dp (2|X) — D (21X)] = O] =1
n‘)OOZeRd

—P { lim sup |Das (2]Y) — Dar (2]))] = 0

m_)OOZE]Rd

—

Lemma 5 can be found with its proof in Dyckerhoff (2016) as Example 4.1 of
Corollary 4.1. Although in practice we compute all depths w.r.t. the given samples
(D (2]X) and Dyy (2]Y)), in the following discussion we will focus on depth w.r.t.
the underlying distribution (Djs (2|X) and Dy (2]|))). This is sufficient, because the
empirical depth values converge uniformly to the theoretical depth values:

Theorem 6: Let X ~ Sq(T') and Y ~ ECy (11,2, T) with following properties:

e X and Y have the same characteristic generator I' (-) and rank (Q) = d.

e E(r3) < oo for the generating variate 74 > 0 related to I'(-) and 3, > >y

Then Q = QT DQ with orthogonal Q € R¥4 and D = diag[yy, ..., 4], where 0 <
pr <1 forall 1 <k <d,and for randomly drawn = from X and y from ) holds:

1\ —
o D (X)) = (142l (B (r3)) ")
2 2 2\ —1 -t
= (1 + <|w—,u| + H\/(Id —D)D'Q(x —/~L)H ) (E(r})) ) :
2 2\ —1 -1
o Dul®) = (1+ |l (E(D) )
2 R
« Du(l) = (1 +||VDTQw-w|| - (E(?) ) :
o Dur(alX) £ Das (4.
Here 1 > 0 is the generating variate related to the same characteristic generator T (-).
Thanks to Theorem 6, whose proof can be found in Appendix, conclusions can now be
drawn regarding the ‘migration’ of the points of a DD-plot of data nests by focus on
point randomly drawn from X and ). The corresponding proof of these corollaries can

also be found in Appendix:

Corollary 1: Let X and Y be r.v. in R satisfying all properties of Theorem 6 and
{pk}¢_, the eigenvalues of corresponding matrix €. If the cdf F» (+) is continuous and
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strictly monotone, then the following holds for a randomly drawn z from X" as well as
randomly drawn y from ) for increasing d:

plim Dy ([X) = 0 = plim Dy (y|Y) and

d— o0 d—oo
plim Dy (x]Y) = 0 = plim Dy, (y|X).
d—oo d—oo

The migration of the points of the DD-plot to the origin therefore directly depends on
the dimension of the original data or, looking at the distribution itself, on the dimension
of X and Y. The following corollaries will focus on the different ‘speeds’ of said
migration:

Corollary 2: Let X and Y be r.v. in R? satisfying all properties of Theorem 6 and
{pr}{_, the eigenvalues of corresponding matrix (. If the cdf F2 (-) is continuous
and strictly monotone, then the following holds for a randomly drawn z from X" and
randomly drawn y from )

—1 -1
(Il + 1pl1) (]l = [lel))®
(H%E(r’f‘)) =P = (”wam)

with ¢ = max{p }¢_, and ¢; = min{y,}{_,. Moreover, for any 0 < o < 1 holds:

Bia) Tza= P[Dar (2]Y) < o] 2 P[Py (y|Y) < o

E(r}) + Il

2
with pg = min{go:{, (1 — \/@3_) }

T2

E(E:)(% is close to 1, most a will satisfy the inequatlity of the corollary. This
)Y Tha

inequality tells L{ls that the probability of a low depth-value for = w.r.t. ) is higher than

for y w.r.t. V: so in the y-direction of the DD-plot points from X" go faster to 0 than

points from ).

In which cases will be close to 1? First, if ||u|| is very small,

E
E(T%)Jr [ull?
which mean that we have a huge overlapping of X and ). Second, if pg =

2
min {cpj{, <1 — \/go;) } is as large as possible. This is the case if the following
holds:

2
1
gp;:(l—,/gp;) e Q/ei =1 & @32120.25

So, all eigenvalues should be bounded by 0.25 and therefore the data nest characteristic
of Y is strong. If we have such a situation, then also in the z-direction points from
X will go faster to 0 than points from ) in the DD-plot as is shown in the following
corollary:
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Corollary 3: Let X and Y be r.v. in R? satisfying all properties of Theorem 6 and
{pk}¢_, the eigenvalues of corresponding matrix €. If the cdf F,2 () is continuous and
strictly monotone, then the following holds for randomly drawn z from X" and randomly

drawn y from ) with corresponding z Ly~ Sy (T):

-1

2
( w;|z||+|u||)
< Du (y|X)

1+
E ()
oy —1
( ¢J|Z||—|u|>
< |1+
E(D)

with ¢ = max{px}¢_, and ¢, = min{e,}¢_,. Moreover, for any 0 < a < 1 holds:

E (rf)

E(r?) 4 P
CA ()

>a=P[Dy(z|X) <a] >P[Dy (y|X) < a].

2
We get the same inequality as in Corollary 2 by setting py = (1 — \/90;“) . Overall,

for ) with strong data nest characteristic in an overlapping setting, we get a different
‘migration speed’ of the points in the DD-plot. This is even more interesting because
situations of overlapping data nests result in a non-tivial classification problem.

In Corollary 2 and Corollary 3 it would be nice to show some more properties in
cases of a different behaviour of ||u||, but for this we need more information about the
structure of Frg (), which can be easily seen by looking at the proof in Appendix.

4 Simulation studies

4.1 Data generating process and model selection

To compare the hybrid method DD-SVM with simple SVM by means of a simulation
study, both models should be trained on the same data nest (X7, Y7), i.c., the training
set, in order to measure their respective performance on a new data nest (X v, YV) , l.e.,
the validation set. Both the training and validation set should be identical distributed.
Hereafter, X is therefore meant to be understood as synonymous to both sets X7 and
XV and correspondingly, Y as synonymous to both sets Y7 and YV'. When generating
the data, the analytical results should be taken into account: X is spherically and Y
elliptically distributed, which is sufficient according to Lemma 4. Since not only data
dimension d but also the centre distance ||u|| affect the behaviour of the points in the
DD-plot, 100 different data nests are generated according to following description in a
Monte-Carlo-procedure:
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DGP I

e Step 1: Choose dimension d € {5, 10, ..., 30} and v € {0, 0.5, 1}.

e Step 2: Using a Monte-Carlo-procedure generate 100 samples X7 = (7, ...,

zlyand XV = (2V, ..., 2V) with n = 9,900 and 2}, ..., 2} %N(O,Id) for
le{T,V}.

e  Step 3: Also by using a Monte-Carlo-procedure generate 100 orthogonal matrices

Q € R¥*4 and diagonal-matrices D = diag[e1, . . ., pq4] With ¢1, ...,
iid

@a ~ U (0,1) to get samples Y = (y{,...,y%) and YV = (y}',...,y}) with
m =100 and !,... 9. %N<LL,QTDQ) where = (\/%,..., %)T € R? for
e (T, V).

In this context, 0 denotes the zero vector R?. For all data nest scenarios, Y makes up
1% of the total 100 + 9,900 = 10,000 data points, meaning that the first condition for
data nests is fulfilled. The second condition is also satisfied because of Lemma 4, since
with every new data nest Y, the eigenvalues of the covariance matrix are uniformly
drawn from the interval [0, 1]. In addition, the individual covariance matrices differ in
that the orthogonal matrix @ is also randomly generated for each data nest Y.

Furthermore, it will be tested how DD-SVM behaves in relation to SVM in those
cases in which, judging by the structure, a data nest is present even though there are
no elliptically distributed datasets. For this, datasets were generated according to the
following description:

DGP II

e Step 1: Choose dimension d € {5, 10, ..., 30} and 7 € {0, 0.075, 0.15}.

e Step 2: Using a Monte-Carlo-procedure generate 100 samples X7 = (27, ...,
zl)yand XV = (2, ..., 2V) with n = 9,900 and 2!, ..., 2, % Betag (3,3), for

le{T,V}.

e Step 3: With T' = 28 (0.25 — §> — 1 and using also a Monte-Carlo-procedure

generate 100 vectors ¢ € R? with ty, ..., tg KU (T, 5T) to get vectors

p=t (0.5 + ﬁ) and g = ¢ (0.5 - ﬁ). Samples Y7 = (y7,...,yL) and

YV = (y{,...,yY) with m = 100 are then generated by ¢!, ...,
yl "% Betay (p, q) for L € {T,V}.

In this context, three denotes vector (3,...,3) € R? and Betaq (p,q) stands for:
z ~ Betaq (p,q) < z, ~ Beta (py,q,) s Z1,---,2q are independent.

The variables of all dimensions are thus beta-distributed and independent of each other.
While all variables follow the same beta distribution with respect to X, the parameters
of the beta distributions for Y do not only differ between the different data nests but
also between the different variables. For the value of 7" in step 3 and to illustrate that
data nests are actually generated by DGP I1, a corresponding proof can be found in the
Appendix.
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On each of these respective 100 samples, which accordingly differ with regard to
the dimension of the data d, the distance of the centre points w as well as the underlying
distribution type, the respective model is first trained on the training set by performing
a five-fold cross validation via a grid of the parameters (C,~). The combination of
parameters with the highest true positive rate (TPR) is regarded as ideal in this context.
This is due to the fact that the focus lies on the prognosis of the rare events. Once the
respective optimal parameters have been found on the respective training quantities, the
performance of the models, which have been trained in this manner, is measured on the
corresponding validation quantities and the average of all 100 scenarios is calculated for
each parameter variation. The following quantities are collected in the process:

e The average TPR in percentage [%].
e The average true negative rate (TNR) in percentage [%].
e  The average accuracy (ACC) in percentage [%].

e The average computational time (t) in seconds [s].

With this approach, attention should be paid to the grid on which the training takes
place: following to Hsu et al. (2003), C; = (273,272, ...,2) and for v = @, 2712,
..., 23%) are chosen for SVM and DD-SVM. For DD-SVM, the grid C7; = (27°,27%,
.o, 21 and vy = (2716,2714 ) 29), which is much wider, is additionally tried out.
The reason for taking a wider grid is the fact that DD-SVM have a much lower
computational time as we will see. Therefore more combinations of C' and ~ can be
tried out.

Also, a light model variant of DD-SVM is tested: in order to slow down the
‘migration speed’ as a whole, the entire DD-plot should be logarithmised before
applying SVM to it. This approach is intended to counteract a too rapid concentration
at the origin, which could negatively influence the training of the SVM. This issue will
be the focus of the next section. By taking logarithm, values close to 0 will decrease
to infinity but in doing so, the separability of the point may also increase. This model
variant, also referred to as log-DD-SVM, is also trained on the two grid types. As a
consequence, a total of five different models are going to be tested:

e SVM on grid (Cy,~;), referred as SVM.

e DD-SVM on grid (Cr, 1), referred as DD-SVM-1.

e DD-SVM on grid (Cyy,~r1), referred as DD-SVM-IL

e log-DD-SVM on grid (Cp,~r), referred as log-DD-SVM-L

e log-DD-SVM on grid (Cyy,~ir), referred as log-DD-SVM-IIL.

4.2 Results

The means of the collected indicators are listed in Tables 1 and 2 refer to data nests
that were generated in accordance with DPG I. Accordingly, the nests are normally
distributed. By contrast, Tables 3 and 4 build on data nests generated pursuant to DGP I
and therefore, they consist of independent variables that are beta-distributed. In addition,
the results from Tables 2 and 4 are graphically shown in Figures 6 and 7.
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Table 1 The average ACC in [%] and TNR in [%] of all models for increasing dimension d
of data generated by DGP [

DGP 1 SVYM DD-SVM-I log-DD-SVM-1 DD-SVM-II log-DD-SVM-I1I
T d ACC TNR ACC TNR ACC  TNR ACC TNR ACC TNR
0 5 97.60 98.52 98.84 99.81 98.98 99.97 98.40 9935 98.05 98.99
10 97.75 98.55 98.84 99.71 98.94 99.83 98.65 99.51 9851 99.35
15 9829 9898 98.99 99.72 99.06 99.80 98.94 99.67 98.85 99.57
20 9873 99.32 99.18 99.81 99.23 99.84 99.18 99.80 99.16 99.76
25  98.89 99.42 99.34 99.89 9935 99.90 99.34 9989 9934 99.88
30 99.07 99.56 99.42 9995 99.45 99.95 9941 9995 99.45 9995
05 5 98.08 98.89 98.75 99.63 98.90 99.79 98.50 99.35 9839 99.23
10 9899 9945 99.28 99.78 99.29 99.77 99.26 99.76  99.26  99.75
15 9946 99.74 99.62 9990 99.63 9991 99.62 9990 99.63 99091
20 99.66 99.83 99.74 99.95 99.76 99.96 99.74 9995 99.75 99.95
25 99.79 9990 99.78 99.99 99.81 99.99 99.78 9999 99.81  99.99
30 99.86 99.93 99.78 100.00 99.84 100.00 99.78 100.00 99.84 100.00
98.64 99.28 98.96 99.64 99.03 99.72 98.86 99.54 9890 99.56
10 99.56 99.79 99.67 99.88 99.68 99.89 99.66 99.88  99.67 99.89
15 99.82 9991 99.86 99.97 99.87 99.97 99.86 9997 99.87 99.97
20 9992 9996 99.92 99.99 9994 99.99 99.92 9999 9994  99.99
25 9997 99.99 99.92 100.00 99.96 100.00 99.92 100.00 99.96 100.00
30 99.98 99.99 9991 100.00 99.97 100.00 99.91 100.00 99.97 100.00
Table 2 The average TPR in [%] and computational time in [s] of all models for increasing

dimension d of data generated by DGP [

DGP I SVM DD-SVM-I log-DD-SVM-1 DD-SVM-IT log-DD-SVM-11
T d TPR Time TPR Time TPR Time TPR Time TPR Time
0 5 6.51 469.02 2.87 73028 1.31 482.67 4.12 2,524.66 5.54 2,891.62
10 18.70 736.01 13.06 378.11 11.19 26642 13.41 1,187.93 15.20 1,085.88
15 3042 1,309.62 2648 175.82 26.22 139.59 26.51 564.17 28.06 553.98
20 40.20 1,636.12 37.57 116.80 38.54 90.39 38.09 420.15 39.49 418.61
25  46.27 1,715.80 44.93 101.75 45.66 74.86 4473 378.32 46.16 395.62
30  50.51 2,159.81 46.44 99.35 50.17 72.03 46.41 362.53 5041 395.09
055 17.83 242.88 11.83 40593 10.69 308.05 1391 1,250.35 15.27 1,263.24
10 53.05 849.63 49.96 108.77 51.08 98.00 4997 429.82 50.73 436.11
15 72.07 1,306.94 71.87 93.60 72.08 73.18 71.41 37693 71.85 387.85
20 8242 1,699.75 78.50 90.32 79.69 64.31 78.47 35629 79.86 384.74
25  89.25 2,085.00 79.47 91.92 8246 71.35 79.46 342.67 82.58 407.99
30 93.50 2,35595 78.62 97.00 84.54 72.46 78.43 342.60 84.44 392.04
1 5 35.38 21597 31.24 190.05 31.31 152.66 31.88 581.33 3293 793.18
10  77.00 890.88 78.11 9225 7824 70.45 78.24 348.51 78.22 382.83
15 9125 1,264.32 89.27 83.70 90.33 61.82 89.77 33247 90.32 374.58
20 9592 1,808.83 92.63 84.42 9457 67.43 92.70 31028 94.65 376.81
25  98.31 2,153.41 92.27 88.20 96.16 66.18 92.39 309.65 96.22 389.60
30 99.03 2,485.25 90.61 90.85 97.31 68.05 90.86 318.47 97.38 382.09
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Table 3 The average ACC in [%] and TNR in [%] of all models for increasing dimension d
of data generated by DGP I

DGP 11 SVYM DD-SVM-1 log-DD-SVM-1 ~ DD-SVM-II  log-DD-SVM-II
v d ACC TNR ACC TNR  ACC TNR ACC TNR  ACC TNR
0 5 9744 9836 98.83 99.82 9897 99.97 98.35 9932  98.13  99.08
10 97.71 98.54 98.80 99.72 9890 99.83 98.68 99.59 98.54 99.43
15 98.44 99.11 9891 99.72 9897 99.77 98.90 99.71 98.81  99.60
20 98.87 99.40 99.14 99.82 99.15 99.82 99.14 99.81 99.13  99.80
25 99.15 99.58 99.28 99.89  99.30 99.90 99.28 99.89 9930  99.89
30 9936 99.72 9936 99.94  99.39 99.95 99.36 9994 99.40  99.95
0.075 5 97.56 98.47 98.72 99.69 98.89 99.87 98.41 9936 9823 99.17
10 98.06 98.82 98.81 99.68 98.87 99.74 98.60 99.46 98.61 9945
15 98.87 99.42 99.09 99.77 99.10 99.77 99.08 99.76  99.04 99.71
20 99.20 99.59 9930 99.85 99.31 99.85 99.30 99.85 9930 99.84
25 9946 99.74 99.43 99.92 9943 99.92 99.43 9991 99.42 9991
30 99.63 99.84 99.46 99.97 9947 99.97 99.46 9997 99.47 99.97
0.15 5 98.04 98.87 98.72 99.61 98.83 99.75 98.48 9935 9833 99.19
10 99.08 99.55 99.23 99.78 99.24 99.78 99.20 99.76  99.22  99.77
15 99.56 99.78 99.59 99.89  99.60 99.89 99.59 99.89  99.60 99.89
20 99.76 99.88 99.73 99.95 99.74 99.96 99.73 9995 99.74  99.95
25 99.87 99.93 99.77 99.99 99.79 99.99 99.76  99.99  99.79  99.99
30 9993 99.97 99.75 100.00 99.80 100.00  99.75 100.00 99.79 100.00

Table 4 The average TPR in [%] and computational time in [s] of all models for increasing

dimension d of data generated by DGP I

DGP 1 SVN DD-SVM-1  log-DD-SVM-1 DD-SVM-II log-DD-SVM-1I
v d TPR Time TPR Time TPR Time TPR Time TPR Time
0 5 5.82  450.72 1.74 78527 0.46 503.47 2.98 2,632.38 3.85 2,920.96
10 16.02 728.67 7.89 428.77 736 311.78 8.53 1,308.14 10.03 1,209.62
15 31.22 1,305.72 19.14 177.39 19.68 152.83 18.83 54542 20.20 547.510
20 46.54 1,600.47 32.50 116.23 32.77 92.27 3246 402.06 32.70 404.84
25 56.65 1,666.52 39.05 102.61 40.46 76.65 39.12 366.49 40.60 387.21
30 63.83 2,088.66 41.33 99.26 44.07 71.33 41.63 35290 4421 382.76
0.075 5 7.95 374.55 3.16 745.64 1.54 47998 443 231456 5.32 2,105.98
10 22.64 758.68 13.09 250.78 13.16 208.20 13.04 890.77 15.25 799.57
15 43.78 1,323.40 31.97 12796 3290 105.88 32.27 451.75 32.78 428.75
20 60.50 1,574.88 45.00 104.17 46.01 77.73 45.02 39398 4563 401.98
25 71.18 1,813.61 50.88 98.38 51.00 75.85 51.12 37240 51.10 411.29
30 79.41 2,299.25 48.93 102.06 50.11 7436 48.86 371.57 4990 392.16
0.15 5 16.03 226.82 9.92 411.15 8.56 294.10 11.86 1,217.72 13.65 1,481.23
10 52.86 880.48 43.99 126.09 45.12 9795 44.09 434.68 4525 42893
15 77.56 1,229.76 69.98 97.01 70.89 71.71 69.93 384.15 70.74 398.55
20 88.02 1,713.99 7791 91.12 78.27 71.32 78.13 35030 78.62 391.97
25 93.56 2,121.35 77.80 93.09 80.05 68.51 77.64 346.25 80.10 403.19
30 96.17 2,457.86 75.30 94.85 80.07 69.90 75.04 35136 79.76 395.06
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Figure 6 (a) The average TPR in [%] (b) Computational time in [s] of all models for
increasing dimension d of data generated by DGP [ with v = 0 (Ist line), v = 0.5
(2nd line) and v = 1 (3rd line) (see online version for colours)
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Three central observations are worth mentioning: first of all, the models do not differ
significantly with regard to ACC and TNR. Comparing the values in Tables 1 and 3,
it becomes apparent that all values are close to 100%, regardless of the underlying
distribution, dimension, or distance of the centres. This was to be expected because rare
events are present which means that TNR and ACC, if no sampling methods are used,
naturally assume high values. This, in turn, weakens the significance of these values.
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In addition, the focus is on the rare events, which is why the TNR is of no relevance
in the context of the research question. Consequently, even though the hybrid models

produce slightly better results with respect to simple SVM, these indicators should not
matter in the assessment.

Figure 7 (a) The average TPR in [%] (b) Computational time in [s] of all models for
increasing dimension d of data generated by DGP II with 7 = 0 (1st line),
7 = 0.075 (2nd line) and 7 = 0.15 (3rd line) (see online version for colours)
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Secondly, the TPR only corresponds to some extent to the analytical considerations
in the hybrid models: with increasing dimensions, the TPR does certainly increase,
however, the rate of this increase decreases more and more. In some cases, one can even
observe a decrease of the TPR in high dimensions (see Figures 6 and 7). The reason
for this could be the concentration towards the origin and the associated obstruction of
the training of the models. This is supported by the fact that in logarithmised models,
this effect of the weakening of the TPR in high dimensions is less pronounced. With
a larger centre distance, the increase but also the weakening of this increase of the
TPR is stronger in high dimensions. Again, this suggests that too fast a concentration
obstructs the training of models. Finally, a higher ||u|| increases the probability that
low depth values occur in at least one direction of the D-plot. Overall, it should be
noted that SVM has the highest TPR values, followed by log-DD-SVM and DD-SVM.
Differences in the hybrid models with respect to the different grids are negligible. In
the beta-distributed data nests, the distance of the TPR values of the SVM to the other
models is very strong, while the normally distributed data nests show little difference,
at least in the low dimensions or with high centre distances. This coincides with the
fact that the Mahalanobis depth is best applied to elliptical distributions (see end of
Subsection 2.1).

Thirdly, it can be observed that the behaviour of the average computational time is
very different: in all cases, the calculation time for SVM increases almost linearly with
the dimension of the data. In the hybrid models, however, it drops exponentially. With an
increase of the distance between the centres, the computation time drops drastically even
in small dimensions in the hybrid models, whereas no change is observable in SVM.
The hybrid models that are trained on the finer grid require more computation time than
the other hybrid models, which can easily be attributed to the greater complexity of the
grid search.

Overall, it can thus be said that in comparison to SVM, the hybrid model approach
generates slightly weaker TPR values in the case of an elliptical distribution and
significantly weaker ones in the case of a non-elliptical distribution. However, the
enormous computational efficiency with which the results are generated predominates.
Therefore, in the case of a ‘moderate’ dimension, i.e., between d = 10 and d = 20,
hybrid methods should be used when dealing with elliptically distributed data nests as
these work fast and efficiently and produce comparably good results as simple SVM.

5 Conclusions

Hybrid methods, such as the DD-SVM presented in this paper, are very popular with
regard to big data applications (see, e.g., Min et al., 2006). Combining data depths and
SVM as first proposed by Kim et al. (2018), is of advantage especially when datasets
are present in nest structures. Such data nests appear to be plausible, for example, in the
case of cancellation analyses, since, based on the individual customer characteristics,
one can assume that the degree of homogeneity between cancellation customers is
higher than that between the other customers (see Kahlenberg, 2005). The fact that the
cancellation customers consequently accumulate in certain segments and thus form nests
(see ReuBl and Zwiesler, 2004) increases — according to the data depth transformation
— the separability of the data, which is why SVM can be used more efficiently on the
DD-plot than on the original data. However, this advantage, which makes use of the nest
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structure of the data, can be lost in too large dimensions because, as the data dimension
grows, the points of the DD-plot concentrate at the origin, making the use of SVM more
difficult. Therefore, with application in practice, it will be essential to pre-select the data
characteristics to be considered in order to not only avoid ‘too high’ dimensions, but
above all to guarantee distinctly strong nest structures.

The DD-SVM presented here is not only advantageous when comparing it to SVM,
but also in comparison to conventional methods, which are applied in the case of rare
events: while common methods are based on a sampling approach, meaning that they
manipulate the data either by under- or over-sampling, DD-SVM takes advantage of
the fact that rare events are present in the form of data nests and renounces sampling
entirely. As a result, a manipulation of the data does not take place; all available
information is used and processed. It would therefore be of interest to analyse how a
comparison between DD-SVM and other methods using various sampling approaches
would turn out.
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Appendix

Proofs

Proof of Lemma 4: For 1: With corresponding z ~ Sy (I') we get for every 1 <i<mn
and 1 < j <m:

_1 1
Ty = Qp? - (2] — pa=) = Qp? - (MX* + Q3. 'Z—MX*)
=007 Q% 2=z~ S (D)
and

_1 1 1
b= OF - (] — ) = 0 (my + 952~ )
_1 _1 1 1\ T T\ |
o) 3-(uy*_,w)JrQXz-Q;*-ZZMJF((Q;*) -(sz) )
1 1N T
~z:u+(Q§,*-QX3) 2~ ECy (1, Q1)

1 _1 1 _1 _1
beczlluse (Q3. - Q2 )T Q3. - QP{E =,?2
02 € R4 s regular and —Q .2 - - € R%, so we can use axiom 1 of the data depth
axioms. For 3:

ZX* 2 Zy* A ZX* - Zy* is pos. semi. def. & E (f)

E(rd)<oo

cQye - Q32 = Q. In 2 we just realise that

(Qx+ — Qy+) is pos. semi. def.

E (rﬁ) 1 -1, .

= —q Q2 (Qy» — Qy+) - Q.27 is pos. semi. def.
E 2

= () (Zq — Q) is pos. semi. def.

d
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& — is pos. semi. def.
E(r§)<oo Z‘X Zy
& 0 < g <1 for all eigenvalues 1, ..., @4 of Q.
d
Proof of Theorem 6: Let X = (x1,...,x,) be an iid sample drawn from a r.v. X ~

Sq(T') and YV = (y1,...,ym) an iid sample drawn from a rv. Y ~ ECqy(u,Q,T).
Furthermore, for the generating variate r4 > 0 holds E (7"3) < oo and rank () = d.
Because of Proposition 2 we get:

E (rd)

E 2
NXZO,ZX:¥'I(1 anduy:u,zy: 7 €L

Therefore, because Zy has to be symmetric and so do €2, we find orthogonal @ €
R4 for O = Q" DQ and D = diag[p1, ..., 4] with eigenvalues . If Y is a data
nest of rare events w.r.t. X, 0 < ¢ <1 holds for 1 < k < d because of Lemma 4.3.
Moreover, the following holds for randomly drawn x from X and y from ) because of
Proposition 3:

Dy (z]X) = <1 + (x — ux)T Z: (x — ux)) )

D (y|Y)
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-1

= <l—|—(x—,u)T (E((;d> Q) (x—,u))

-1
= (1 + E(rcfi)d (@) Q' D'Q(z - M)) :

Here the term v D—1 stands for diag [\/apll, cee \/cpdl], the term /D stands for
diag[\/?1, .-, /@a) and the term D~' for diag[p;*,..., ;'] and therefore Q1 =

1

(QTDQ)*1 = QT D'Q and what is even more "2 = (QE)_l _ (QT\/EQ)_I _

QTVD-1Q. Moreover with QTD'Q=Q" (Z,+(Zs—- D)D) Q=1Ts+
Q' ((Zs— D)D) Q it holds:

sor -0 @+ QT @ -D) D) -

—

-1
- (1+ o0 @0t @0 QT (Id—D)D‘lQ(fﬂ—u)))

1 2 2\\ !
(14— (e H\/I “D)D1Q(x— H
< + E(T%) (H‘T M'l + ( d ) Q(m 1)
Here \/(Z; — D) D~! stands for diag {,/ ,1/2=24|. Moreover because of

Proposition 1 for z ~ Sy (I') corresponding to y it holds that

Dar (o) = (14 Jall T 1+||’"d WO\ Ll -
M \T E(T%) % E(T%) 3

]
EAW HQ )
but <1+ ) =1+ =D (YY)

E(rf)

So Dy (z]X) and Dy, (y|Y) are identical distributed. O
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Proof of the Corollary 1: For Dy (x| X) LDy (y|Y) and for any € > 0 the following
holds:

P[DM (y|y)<s]:]P’[DM (1‘|X)<E]:]P> <1+IQTT|2)> <e€
1

—2[(1-1) =0 < o]

_p (i—l)-E(r%)<r§ _1-P[2 <]

Here Fr§ (-) denotes the cdf of 2. According to Proposition 3 for di < d2 and ¢ >0
holds:

Therefore, F,2 (c) > F,2 (c) and therefore dlim Fp2(c) =a >0 forall c > 0, because
A s oo Td

Frg (c) is monotone decreasing in d and bounded by 0. Assume a # 0, then the
following holds for any ¢ > 0 and 0 < p < 1:

Frg / [7“ 5 <cp| b= t} < fr2 () dt
[rdz —<c|b= t] fo2 () dt
ogz‘zs / Pri, <c|b*=t]- fr2 (t)dt

=P[ri, < /sz t)dt > a- Fp (p).
—_—

=12 (p)
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Because, for b? ~ Beta (4, 42541) 7% Beta (4, 00) holds Fye (p) “7% 1 for any

2 2
p >0,

d—oo

Fz(cp) > a-Fyp(p) — a
is true for any ¢ > 0. Therefore we get
d—

0=F,2(0)=limF,2 (cp) > a-Fp (p) — a= lim F,2(c) =0 (*)
d p—0 'd d—oo d

for any ¢ > 0 if F» (+) is continuous, so a has to be 0. Therefore it holds:

d—oo

P[Py (y|Y) <&l = P[Dy (2|X) <e] =1-F2(C:) — 1
= plim Dy (y|Y) =0= glim Dy (x]X) .

d—oo

This shows the one part of Corollary 1. To see the other part we derive a lower bound
Ly x for Dys (y|X). Let therefore z ~ S; (I') be the corresponding r.v. to a randomly
drawn y from ) and eigenvalues 1, ..., pq of Q with ¢ = max{p,}{_, and p; =
min{¢y }¢_;:

1 2 _1
Dar 1) = (14 1911 T 1+7HQ§Z+MH
M E(r7) E(r7)

-1

(leTvD@- || + i)’

> (14
E(7)
2 —1
- (lva- 4| + 1)
=1+
E(?)
2\ —1
( sa$|z||+|ﬂ||)
> 11 =L .
T EM o

= P[Py (y|X) <e] <P[Lyx <e]

_ 2
( ¢I||Z|I+|IMII>
E()
1 2
—r|(2-1) 62 < (Ver e+ )
~— —
L Ce
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Now we derive a lower bound Ly for Dy (z|V):

-1

Dar o) = (14 gz (e =l +|[VE DI D@0 - ))
2 —1
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—p|\/e i <llell+ ]
== bes i) ((W |“||>2> :

Let now 0<g0gozding w; <1 and 0 <l =sup @jgl for d — oo. Three
€ deN

possible situations may occur:
L dim [l > VO
d—o0

d—oo d—oo

< .
= Yz T Yoz = Hverzay 0

Therefore we get:

P [Das (y|X) < €] ,P[Dar (2[Y) < €] 31 = plim Day (y|X) =0

d—o0

= plim Dy, (z|Y).

d—o0

2 2
d oo

2 VG =z Ms:dli)n;o||/l”> Ce oo =

d—o

- 1 o | 425 () and
(Ve 2lIull) (VCepzzllnll)
2 2
<M> = lim Frg <M> = 0 according to (x).

@ZZL d— oo (p;ro

lim F7.2
d—oo 4

Therefore we get:

P[Dur (y|X) < €] ,P[Das (2]Y) < €] =3 1 = plim Dy (y|X) =0

d—o0

= plim Dy, (z|Y).

d—oo

2
= . — d
3 VO zme = Jim [l = (0w - lull) =
2
(\/CE'@go_ma> < o0

2 2
1im £, (( ) ) - Jim 7y ((x/ca%—ms) ) o

= lim F,

2 2
d— o0 d Sod d— o0 d SDOQ

= 0 according to (x).
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Therefore we get:

P [Das (y|X) < €] ,P[Dar (2[Y) < €] 31 = plim Day (y|X) =0

d—o0
= plim Dy, (z|Y).

d—oo

Overall we get for any = randomly drawn from X and y randomly drawn from Y:

plim Dy (x|X) = 0 = plim Dy (y|Y) and

d—o0 d—o0
plim Dy (2[Y) = 0 = plim Dy (y|X).
d—o0 d—o0

Proof of the Corollary 2: Now we derive a upper bound Uyy for Dy (2|V):

Dus @) = (1+ gy (Il + | VE DD TR —|[1))

< (HE 1@) <|xu|2+H\/ (1—¢)es " Ta-Qz—p)

(1+—eh)ei™) lall - |u|>2)_1

_

= (”E(r%)

(A

z|| = [|p

( ¢q "E(r}) )

This shows the first part of Corollary 2. To see the second part we use our results from
the proof of Corollary 1. Let therefore be 0 < o < 1, then in any dimension holds:

P [Ul‘y < Oé] < ]P[D]\/[ (I|y) < Oé] <P [LTD} < Oz} with

P[Lw\y < Oé] = 1_1(m2||/‘”) 'FT,% ((\/ 00490; - |M|) ) and

_ 2 -1
P[Uy <a] =P [(1 + (|sloj|-1E|i¢12”)) ) <a

—P|\/Cuof < lra = lull] =P [lull +

vd <rat L araay P {Td <l m]
2
=1-P [ < (bl +y/Ca0d) | + 1 mmmzamy
2 2
.plr3< <Iulm> ] —1-Fp <(||u||+m) )




Depth-based support vector classifiers to detect data nests

(i< I <<|N| —\/Ca- @3)2> :

We rewrite the last conditions on ||ul|:

1 2
VCui <l (% -1)-E () - of <l

E 2
o B
E(r%) + el

ey

Consider an « which violates (A1). In this case follows:

Ein) 7 2 a=P[Dy(2]Y) <a 2P Uy <o

=1-Fpa ((Hp,” +«/Ca-<p;>2> .

[l
Pa
Therefore, for such an « holds:

-, <<|u|l ¥ \/Ca~¢$>2> > B [Day (41Y) < o] & 1
— B ((IIull + \/CMSD(J{)Q) >1-F:(Ca)

2
& Fp (Ca) > Fa <<||N|| /e sa;;) ) o0 <|u| /e so;;)

2
[l

e (L) 2
(1_@>2 (a 1) E()

2 = T [Pk
(1-Ve0) Bop+nar BTGy
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O

Proof of the Corollary 3: Now we derive a lower bound L, x for Dy (y|X). Let 2 2
2 ~ Sq (T) be the corresponding r.v. to the drawn y from ). Then the following holds:

DAI(y|X):<1+I[!:l(/l|1)>_ = 1+H922_ _’“‘H
[y, levDe: |~
B ]E(H)
{,, (vme- )\
- E (r})
( sod|z||—|u||)2 B
TR = U

This shows the first part of Corollary 3. To see the second part we use our results from
the proof of Corollary 1. Let therefore be 0 < v < 1, then in any dimension holds:

P [Uyx < o] SP[Dy (y|X) < o] P [Lyx <a] with

PlLyx <o =1=T(ers ) By (W) and

Pd
-1

2
( sad|z||—|u||)
]P’[Uyw<oz]:IP’ 1+

E (r3) =
o Vo
=P Q_< T‘d—iHMH =P M<rd
vd o7 o
2
|ul| — T o (lull+vC2)
Yvezau P lra< == | =1-Plra< ——————
L Pa d
2
| = VCa) (Ilpll +vCa)” o)
1 ‘P 2<(—_ =1-F.
(VCa<llull) _ ~ 2 o
2
1 o [ Ulsll = VCa)”
(VOa<lull) ~ 73 o :



Depth-based support vector classifiers to detect data nests

We rewrite the first conditions on ||ul]:

1 2, _ I (r?)
VG2l e (5 -1) BE 2 Il e o,
o E (r?) + [|pll?
Consider an « which fulfills (A2). In this case follows:
E (rf)
————— = >a=>PDy [yX)<a] <P[Lyx <a]=1
E (1) + [|ul? !
2
- Cﬂa|mn>
R R R
P

Therefore, for such an « holds:

1—Fa (W> <PDuy(z|X)<a] <=1

—||/~LH
( gl_Frﬁ(Ca)@Frfi(Ca)
2
Hull (vVCa — llnl) / 12l
< F,.2 SCh—F——— & T<1-
d( 90; Spd /706!
1 2
a >

|w| ©<_4>E@@>W|@1
> e}

==
e O‘¢?'EW)
(1-vt) Bod  (1-yfed) 6D+ Il

>as E(T%) > a.
B+ L
d

Overall we get:

E (r})

2 [l
E( 1)+ (17\/5)2

>a=P[Dy(z|X) <a] >P[Dy (y|X) <a.
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(A2)

O

Proof of DGP II: We have to proof condition 2 for data nests because n = 9,900 >>
100 = m, so condition 1 is already satisfied. For this it is enough to focus on one
dimension d =1, so z ~ Betag—1 (p,q) = Beta(p, q), because all generated variables

are independent of each other. It is true that

Pq

and 0% = 5
(p+q+1)(p+q)

p
Z ~Beta(p,q) = pz =
( p+aq
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and therefore we get: X ~ Beta (3,3) = puxy =3 =0.5 and 0% = =% = 5.
Now we check for p’ =¢(0.5+7) and ¢’ =¢ (0.5 — 7):
! t (0.5
Y ~Beta(p',q) = uy = P _ 05+7)
p+q  t(05+7)+t(0.5—71)
=05+7T=pux+r

.2 2 pd 1, t2(0.547)(05—7) - 1 _ .2
So we get: oy <oy & CETESy P <5< CESE < 55025 -7 <

2802573 —1<teT<t
So also the second condition for data nest holds because ¢ ~ U (T, 5T). O



