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Abstract

Most of the literature on change-point analysis by means of hypothesis testing considers
hypotheses of the form Hy : 01 = 05 vs. Hj : 01 # 0, where 01 and 05 denote parameters of
the process before and after a change point. This paper takes a different perspective and
investigates the null hypotheses of no relevant changes, i.e. Hy : ||6h1 — 02]| < A, where || - ||
is an appropriate norm. This formulation of the testing problem is motivated by the fact
that in many applications a modification of the statistical analysis might not be necessary,
if the difference between the parameters before and after the change-point is small. A
general approach to problems of this type is developed which is based on the CUSUM
principle. For the asymptotic analysis weak convergence of the sequential empirical process
has to be established under the alternative of non-stationarity, and it is shown that the
resulting test statistic is asymptotically normal distributed. The results can also be used to
establish similarity of the parameters, i.e. Hy : ||01 —62|| < A, at a controlled type one error
and to estimate the magnitude ||f; — 02| of the change with a corresponding confidence
interval. Several applications of the methodology are given including tests for relevant
changes in the mean, variance, parameter in a linear regression model and distribution
function among others. The finite sample properties of the new tests are investigated by
means of a simulation study and illustrated by analyzing a data example from portfolio
management.
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1 Introduction

The analysis of structural breaks in a sequence (Z;)i-,; of random variables has a long history.
Early work on this problem can be found in Page (1954, 1955) who investigated quality control
problems. Since these seminal papers numerous authors have worked on the problem of detecting
structural breaks or change-points in various statistical models [see Chow (1960), Brown et al.
(1975), Kréamer et al. (1988), among others]. Usually methodology is firstly developed for inde-
pendent observations and — in a second step — extended to more complex dependent processes.
Prominent examples of change-point analysis are the detection of instabilities in mean and vari-
ance [see Horvath et al. (1999) and Aue et al. (2009) among others]. These results have been
extended to more complex regression models [see Andrews (1993) and Bai and Perron (1998)]
and to change-point inference on the second order characteristics of a time series [see Berkes
et al. (2009), Wied et al. (2012) and Preuss et al. (2014)]. A rather extensive list of references
can be found in the recent work of Aue and Horvath (2013) who described how popular proce-
dures investigated under the assumption of independent observations can be modified to analyse
structural breaks in data exhibiting serial dependence.

A large portion of the literature attacks the problem of structural breaks by means of hypoth-
esis testing instead of directly focusing on e.g. estimating the potential break points [compare
the introduction in Jandhyala et al. (2013)]. Usually the hypothesis of no structural break is
formulated as

where 6 denotes a (not necessarily finite dimensional) parameter of the distribution of the
random variable Z; (t = 1,...,n), such as the mean, variance, etc. The alternative is then
formulated (in the simplest case of one structural break) as

(1-2) Hy:6,= 9(1) = 9(2) == Q(k) 7£ 9(k+1) = 9(k+2) == 9(n) = 0y,

where k € {1,...,n} denotes the (unknown) location of the change-point. If the null hypothesis
of structural breaks has been rejected, the location of the change has to be estimated [see Csorgd
and Horvath (1997) or Bai and Perron (1998) among others] and the statistical analysis has to
be modified to address the different stochastic properties before and after the change-point.

The present work is motivated by the observation that such a modification of the statistical
analysis might not be necessary if the difference between the parameters before and after the
change-point is rather small. For example, in risk management situations, one is interested in
fitting a suitable model for forecasting Value at Risk from “uncontaminated data”, that means
from data after the last change-point [see e.g. Wied (2013)]. But in practice, small changes in
the parameter are perhaps not very interesting because they do not yield large changes in the
Value at Risk. The forecasting quality might only improve slightly, but this benefit could be
negatively overcompensated by transaction costs. On the other hand, as an illustration with real
interest rates at the end of this paper indicates, a relevant difference can potentially be linked to
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significant real-world events. One could also think of an application to inflation rates in the sense
that only “large” changes call for interventions of, for example, the European Central Bank.
With this point of view it might be more reasonable to replace the hypothesis (1.2) by the null
hypothesis of no relevant structural break, that is

(13) Hy: ||81 — ‘92” <A versus Hj: H@l — 92” > A,

where 6, and 0 are the parameters before and after the change-point, ||-|| denotes a (semi-)norm
on the parameter space and A is a pre-specified constant representing the “maximal” change
accepted by statisticians without modifying the statistical analysis. Note that this formulation of
the change-point problem avoids the consistency problem as mentioned in Berkson (1938), that
is: any consistent test will detect any arbitrary small change in the parameters if the sample
size is sufficiently large. Moreover, the “classical” formulation of the change-point problem in
formula (1.1) does not allow to control the type II error if the null hypothesis of no structural
break cannot be rejected, and as a consequence the statistical uncertainty in the subsequent
data analysis (under the assumption of stationarity) cannot be quantified. On the other hand,
a decision of “no small structural” break at a controlled type I error can be easily achieved by
interchanging the null hypothesis and alternative in (1.3), that is

(1.4) Hy: |01 — 02| > A versus Hjy : [|6h — 6s] < A.

The new approach requires the specification of the quantity A > 0, which depends on the
specific application. ”Classical” hypotheses tests simply use A = 0, but we argue that from a
practical point of view it might be very reasonable to think about this choice more carefully and
to define the size of change in which one is really interested. The relevance of testing hypotheses
of the form (1.3), which are also called precise hypotheses in the literature [see Berger and
Delampady (1987)], has nowadays been widely recognized in various fields of statistical inference
including medical, pharmaceutical, chemistry or environmental statistics [see Chow and Liu
(1992), McBride (1999)]. On the other hand — to our best knowledge — the problem of testing
for relevant structural breaks has not been discussed in the literature so far.

In this paper we present a general approach to address this problem, which is based on the
CUSUM principle. The basic ideas are illustrated in Section 2 for the problem of detecting a
relevant change in the mean of a multivariate sequence of independent observations. The general
methodology is introduced in Section 3 and is applicable to several other situations including
changes in the variance, the parameter in regression models and changes in the distribution
function (the nonparametric change-point problem). Additionally, if it is difficult to specify the
threshold A, it can be used to estimate the magnitude ||f; — 02|| with a corresponding confidence
interval.

It turns out that - in contrast to the classical change-point problem - testing relevant hypotheses
of the type (1.3) requires results on the weak convergence of the sequential empirical process
under non-stationarity (more precisely under the alternative Hy), which - to our best knowledge
- have not been developed so far. The reference which is most similar in spirit to investigations



of this type is Zhou (2013), who considered the asymptotic properties of tests for the classical
hypothesis of a change in the mean, i.e. Hy : 1 = 9, under piecewise local stationarity. The
present paper takes a different and more general perspective using weak convergence of the
sequential empirical process in the case 6; # 5. These asymptotic properties depend sensitively
on the dependence structure of the basic time series (Z;);cz and are developed in Section A.1 of
the online supplement for the concept of strong mixing triangular arrays. Although the analysis of
the sequential process under non-stationarities of the type (1.2) is very complicated, the resulting
test statistics for the hypothesis of no relevant structural break have a very simple asymptotic
distribution, namely a normal distribution. Consequently, statistical analysis can be performed
estimating a variance and using quantiles of the standard normal distribution. In Section 4 we
illustrate the methodology and develop tests for the hypothesis (1.3) of a relevant change in
the mean, parameters in a linear regression model and distribution function. In particular, we
consider the situation of testing for a change in the mean with possibly simultaneously changing
variance, which occurs frequently in applications. Note that none of the classical change-point
tests are able to address this problem. In fact it was pointed out by Zhou (2013) that the
classical CUSUM approach and similar methods are not pivotal in this case leading to severe
biased testing results. Section 5 presents some finite sample evidence of the new test revealing
appealing size and power properties. We also give an illustration in a data example from portfolio
management. In an Online Appendix we provide some theoretical results, which demonstrate
that the assumptions made in Section 3 are satisfied for strong mixing processes, give some of
the more technical proofs and discuss the problem of detecting relevant changes in the variance
and correlation.

2 Relevant Changes in the Mean - Motivation

This section serves as a motivation for the general approach to detect relevant changes in time
series which will be discussed in Section 3. For illustration purposes we consider independent
d-dimensional random variables Z, ..., Z,, with common positive definite variance Var(Z;) = X,
such that for some unknown ¢ € (0, 1)

H1 = E[Zl] = ... = ]E[ZngJ] ; E[ZLntJ-H] = ... = E[Zn] = ll3.

The case of a variance simultaneously changing with the mean will be discussed in Section 4.
We are interested in the problem of testing for a relevant change in the mean, that is

(2.1) Ho:|lpr — po| <A versus  Hy ||y — pof > A,

where || - || denotes the Euclidean norm on R?. For this purpose we consider the CUSUM statistic
{Un(8)} o1 defined by

[ns] n [ns] n
. 1 s 1—s S
Un(S):ﬁ E Z]_ﬁ E Zj: n E Z]_ﬁ E Zj
i1 =1 j=1 j=lns|+1
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Note that a straightforward computation gives E[U,(s)] = (s At — st) (1 — p2)(1 + o(1)). A
similar calculation yields
2

El0a()I2] = { Z5(1 = 8) + | — pall*(s At = s6)*} (1+ (1))

Consequently, we obtain

E| / Daelds] = / 1 T o(1 = 5) ol — g5 At — st)ds (1 + o(1)
P Lo S TERPE1))

and therefore it is reasonable to consider the statistic

i [, IDlras

as an estimator of the distance ||y — p2||? (a bias correction addressing for the term o2/(6n)
will be discussed later). The following result specifies the asymptotic properties of this statistic.

Throughout this paper the symbol 2. means weak convergence in the appropriate space under
consideration.

Theorem 2.1 For anyt € (0,1) we have as n — oo

23 L= va(greg [ 0P = = pulf) 2 N0,

where the asymptotic variance is given by

(2.4) 72 = (= p2) B — u2)4(15:;(21t(—1 t;zt))‘

Proof. We start calculating the covariance Cov(U,(s1), Un(s2)) using the decomposition
Un(s) = (1 = )UD(s) — sUD(s),

where
LTLSJ

UM (s ZZJ, U@ ):% i Z;.

j=|ns]+1
For this purpose we first assume that s; < s, and note that COV(US)(Sl),Ug)(sQ)) = 0 in this
case. Moreover, the remaining covariances are obtained as follows

[ns1]

Cov(UW(s1), UD (s5)) = ZZCOV nlz(Hou)),
7,k=1
[ns2 ]|
Cov U (s2), U2s1) = 53 3 Cov(, 20 = 2w (14 of)

J=1 k=|nsi]+1

1 n n
Cov(UP (s1), U (s2)) = 3 > > Cov(Z;, Z) =

j=|ns1]+1 s=|ns2|+1

1—82

X (14 0(1)),
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which gives Cov(U,(s1), Un(s2)) = 225 (1 + (1)) if 51 < s5. A similar calculation for the

case s1 > S finally yields

lim n Cov(U,(s1), Un(s2)) = (s1 A $3 — 515).

n—oo

It can be shown (note that for illustration purposes the random variables 7, ..., Z, are assumed
to be independent and a corresponding statement under the assumption of a strong mixing
process is given in Section A.1) that an appropriately standardized version of the process U,
converges weakly, that is

{\/_( n(8) — pu(s, t))}se[(] 1] = EI/Z{B( )}36[0,1]7

where u(s,t) = (s At — st)(u1 — p2) and B denotes a vector of independent Brownian bridges
on the interval [0, 1]. This gives for the random variable L,, in (2.3)

NI T 2 (1= 1))’
b = G2l { [ 10— = a0

- (t(f\/_t)) {/ (10 ()11% = ||,u(s,t)||2)ds}

- 1—t / [On(s) = (s, £)%ds + 2 / i (5, ){0a(s) = pls, ) }ds }
o, _ v s 1/2
— <t<1—t>> /o“ HEEB(s)ds.

It is well known that the distribution on the right hand side is a centered normal distribution
with variance.

36 1 1
(t(1 — 1)) /0 /0 1" (s1,6)Sp(s2, 1) (s1 A s2 — s15)ds1dso,

and it follows by a straightforward calculation that this expression is given in (2.4). a

The test statistic for the hypothesis (2.1) is finally defined as

M2 = /||U )12 ds——

where ¢ and 62

are consistent estimators of ¢t and o2, respectively. Note that this definition
corrects for the additional bias in (2.2) which is asymptotically negligible. The null hypothesis

of no relevant change-point is finally rejected, whenever

A

25 M2 > A2 4y ——
( ) n +'LL1 \/ﬁa

where u;_,, is the (1 — a)-quantile of the standard normal distribution and 7 is an appropriate
estimator of 7. An estimator of the change-point can be obtained by the argmax-principle, that
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is £ = argmax o ) |U,.(s)| [see Carlstein (1988)]. For the estimation of the residual variance we
denote by
1 L
(2.6) fn=—> 7 fig = —————— Z Z;
lnt] = 11— ) Vi [ni|+1

the estimates of the mean “before” and “after” the change-point and define a variance estimator
by

[nt
(2.7) o) {Z (Zi — ji)(Zi — )T + Z — ) (Zi — fin)T }
=1 i=|nt]+1
This yields
20
(2.8) T = 1+ 2t(1 —1)
Vi(1—1)
as an estimation of 7, where 0? = (ji; — [Lg)Tfll(ﬂl — fi). Tt will be shown in Section 3 that the
test defined by (2.5) is consistent and has asymptotic level a.

Remark 2.1 Our motivation for considering a statistic based on the integral fol |02 (s)||2ds
is twofold. On the one hand, we want to consider a CUSUM-type statistic, which has some
optimality properties for testing the “classical” change-point hypothesis Hy : 11 = po [see e.g.
Lorden (1971) and the subsequent literature for early references and Moustakides (2004) for a
more recent reference]. On the other hand, we are interested in a test statistic with a simple limit
distribution, such as a normal distribution. This allows us to use classical results on UMPU-
tests for interval hypotheses in exponential families [see Lehmann (1986), Chapter 7] to derive
powerful tests for the hypothesis of a relevant change point.

As pointed out by a referee, an alternative test could be based on the statistic

[ns)

1
m;zj Lns Z ZH

j=lns]+1

0, = max
0<s<1

which estimates the jump size directly. The null hypothesis is rejected for large values of O,.
However, the asymptotic distribution of the statistic 0, (appropriately standardized) is not
known in the case u; # ps and, as a consequence, the classical UMPU-test theory for interval
hypotheses is not applicable here.

3 Testing for Relevant Changes - A (General Approach

3.1 General Formulation of the Problem: Let Zi,...,7Z, denote d-dimensional random
variables such that

(3]-) Zl?"wZ\_ntJ ~ F17 Z\_nt]—i—la"‘uZn ~ F27



where I and F3 denote continuous distribution functions before and after the change-point. Let
S be a Hilbert space with (semi-)norm || - ||, define £*°(R%|S) as the set of all bounded functions
g: R — 8 and consider F C (*(R4|S). We denote by

(3.2) 0:F—>S; F—0(F)

a given function defining the parameter of interest. Typical examples include the mean (6(F) =
[ zdF) or the distribution function (here 6 is the identity map). We are interested in testing the
hypothesis of no relevant change in the functional 0(F'), that is

(3.3) Hy: 10(F) - 0(F)| < A H, < J0(F) — 0(F)]| > A,

where A > 0 is a pre-specified constant. If S C R¥ with k < d, then || - || denotes always the
Euclidean norm, if not specified otherwise.

Our general approach will be based on an estimator of the distance ||0(Fy)—0(F3)||* by a CUSUM
type statistic. For this purpose we assume for a moment linearity of the functional 6 in (3.2),
that is

(3.4) 0(aky + BEy) = ab(F1) + BO(F2)
for all a, 5 € R, Fy, Fy, € F. We introduce the statistic

) | Lns)
(3.5) Fa(s2) = ;I{Zj <z},

where s € [0,1], z € R? and the inequality is understood component-wise. Note that for fixed
s € (0, 1] the function L;:—SJF(S, -) is a distribution function and that a straightforward calculation
yields

(3.6) lim E[F,(s,2)] = Ep pma(s, 2) == (s At)Fi(2) + (s — )1 Fa(z).

n—o0

We also introduce the function
(3.7) Zp poi(S,2) = Ep pi(8,2) — sEp pi(1,2) = (s Nt — st)(Fi(2) — Fa(2))

and note that Zp, r,; vanishes on [0,1] x R? if and only if F} = Fy. If @y, : £°(]0, 1] x RYR) —
0>°([0,1]|S) denotes the (linear) operator defined by

Piin(Ery, m,0)(8) = 0(Er, mu(s,+) — sEr m0(1,0)) = 02k, 1) (),

we obtain from (3.4) and (3.7) for the function U := ®y;,(Ep g, ¢) the representation

(3.8) U(s) := Cun(Er, m1)(s) = (s At — st)(0(F1) — 0(F)).



Consequently, the norm of this function is given by
(3.9) T?(s) = [[U(s)|* = 10(Zr,ma(s:)* = (s At = st)*[|0(F) — O(F) 1%,

which can be used as the basis for estimating the distance between the parameters 0(F;) and
0(F3). Before we explain the construction of this estimate in more detail, we “remove” assumption
(3.4) and consider more general nonlinear functionals.

In this case the situation is slightly more complicated and we assume throughout this paper that
there exists a mapping

(3.10) ® : 0>([0,1] x RYR) — £(]0,1]|S),

such that the difference between 0(F;) and 6(F3) can be expressed as a functional of the function
EFl,FQ,t in (36), that is

(3.11) U(s) := ®(Ep, r)(s) = (s Nt — st)(0(F1) — 0(F3)).

For linear functionals such a representation is obvious as shown in the preceding paragraph.
Other examples where assumption (3.11) is satisfied include linear regression models or the
detection of relevant changes in the correlation and will be discussed in Section 4 and in Section
C.2 of the online supplement.

For the construction of an estimate of ||§(F;) — 6(F,)||* we note that it follows by similar argu-
ments as given in Section 2 that the function T(s) = ||U(s)]|| satisfies

(3.12) /0 T2(s)ds = /O (s At — st)2]|0(F)) — O(Fy)|%ds = @He(m 0B
Observing (3.9) and (3.12) we see that the distance
(313) M= MFLE) = [00F) ~ 0B = s [ 100 n(o) s

between the parameters 6(F;) and 6(F3) can be expressed as a functional of Ep, g, +(-, ), which
can easily be estimated by a sequential empirical process FF,, defined in (3.5). The null hypothesis
(3.3) is then rejected for large values of this estimator. In the following discussion we will derive
the asymptotic properties of this estimator, which can be used for the calculation of critical
values for a test of the null hypothesis (3.3) of no relevant change.

3.2 Estimating the Distance M(F, Fy) = ||0(Fy)—0(F,)||: In order to estimate the distance
M?*(Fy, F3) = ||0(F}) —0(F3)||* we recall the definition of the sequential empirical process in (3.5)
and its asymptotic expectation Ep, p,; defined in (3.6). Observing assumption (3.11) we consider
the processes

(3.14) Un(s) = o (5, ),
(3.15) To(s) = [Ua()]* = [|(Fu(s, )|
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Note that U, and T, are S and R-valued processes. If S C R* we make the following assumption

2 D
(3.16) {Valu(s) = U)o {Drpals) }
s€[0,1] s€[0,1]
where == means weak convergence in 0>°([0,1]|R*) and {Dg g4(5)}sep1] 18 a centered, k-
dimensional Gaussian process with covariance kernel

dry 1y (51,82) = E[DFLFQJ(SI)DghFQ’t(52)] c RF*F.

Remark 3.1 Note that the weak convergence results of the type (3.16) have been investigated
for numerous types of stationary stochastic processes [see Horvath et al. (1999), Aue et al. (2009)
or Dehling et al. (2013)]. However, the detection of relevant change-points by testing hypothesis
of the form (3.3) requires weak convergence results in the non-stationary situation (3.1), for which
— to our best knowledge — no results are available. In particular, as it will be demonstrated in
Section A.1 of the online supplement, the distribution of the limiting processes Dg, g, ; depends
on the distribution functions F}, F, and the change-point ¢ in a complicated way. Only in the
case F} = I3 it simplifies to the standard situation, which is usually considered in change-point
analysis. Intuitively many results for stationary processes mentioned in the cited references
should also be available in the non-standard situation (3.1), but the limiting distribution is more
complicated and this has to be worked out for each case under consideration. In Section A.1 of
the online supplement we illustrate the arguments for this generalization in the case of a strong
mixing process (satisfying (3.1)).

In the same section similar results will be established for the sequential process Fn, that is

(3.17) {\/ﬁa@n(s,z) . EFLFN(S,Z))} 2, {GFhFQ,t(s,z)}

s€[0,1],2€Rd s€[0,1],zeRd’

where Gp, ,; denotes a centered (d + 1)-dimensional Gaussian process on [0, 1] x R? with co-
variance kernel

gFl,Fg,t(Sla 21, 52, 22) = E[GFl,FQ,t(Sb Zl)GFl,F27t(32a Zz)] = kt(Sl, $2, 21, 22)-

Consequently, if the functional ® in (3.10) is (for example) Hadamard differentiable, weak con-
vergence of the process {v/n(U,(s) — U(s))}sepo,1) is a consequence of the representation (3.14)
and (3.17). Some details are given in Remark 3.2 below. However, many functionals of interest
in change-point analysis (such as the mean or variance) do not satisfy this property, and for this
reason we also state (3.16) as a basic assumption, which has to be checked in concrete appli-
cations. An example where (3.17) can be used directly consists in the problem of detecting a
relevant change in the distribution function and will be given in Section 4.

Theorem 3.1 If S C R* and the assumptions (3.16) and (3.4) are satisfied, then
1 1 5
N (/ T2 (s)ds —/ T2(S)d8) :>./\/'(0,012;17F2’t),
0 0
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where T?(s) and fo T2(s)ds are given in (3.9) and (3.12), respectively. Here the asymptotic
variance is given by

(3.18) Ohme = 40(F1) = 0(F2))" - T(t, Fy, ) - (0(Fy) — 0(F)),

where the matriz I' € R¥* s defined by
1 pl
(319) F(t, Fl, FQ) = / / (81 ANt — S]_t)(SQ ANt — 32t>dF1,Fg,t(51a 82)d81d82.
o Jo

Proof. Let (-,-) denote the inner product on R*. Observing the representation
T5(s) = Th(s) = |Un(s) = U(s)* + 2(U(s), Un(s) — U(s))

it follows from assumption (3.16) that

vt —men} 2 {206 Drnds)]

s€0,1] se[0,1]

Now the continuous mapping theorem yields

Vi ([ F2as— [ 16)) 22 [ 006, Bt

and standard arguments show that the random variable on the right hand side is normally
distributed with mean 0 and variance

Ot = / / ):Dr p,1(51))(U(s2), Dy 1 (52)) |disadisa
= FQ)) F(t,Fl,FQ) . (‘9(F1> —Q(Fg)) (I

Remark 3.2 A similar statement can be derived under the assumption (3.17) if the function ®
in (3.11) is Hadamard differentiable at the point Er, p,; (tangentially to an appropriate subset,
if necessary). In this case it follows from (3.17) and the same arguments as given in the proof of
Theorem 3.1 that

v (/01 ’ﬁ‘i(@ds—/ol T(s)ds ) :D>2/01<¢'<GF1,F2¢(3,-)),q><EF1,FQ,t(s,.))>ds

where @' denotes the Hadamard derivative of ® and (,) is the inner product on the (not neces-
sarily finite dimensional) Hilbert space §. The details are omitted for the sake of brevity.

3.3 Testing for Relevant Changes: It follows from Theorem 3.1 and (3.12) that

3 T
| T2ds — 10(F) - 6(F)IP) 2> MO, ),

62 Vo (G .
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where the asymptotic variance is given by

9% me 36(0(F)) — 0(F))T - T(t, Fi, Fy) - (6(F)) — 0(F))
IR (t(1—1))*

and 0%17 ¢ 18 defined in (3.18). In the following discussion let t denote a consistent estimator
of the change-point ¢, such that |[f —¢| = 0,(1//n) , whenever §(Fy) # 0(F,) and # B T
whenever 0(F;) = 0(F3), where Tp,.x denotes a [0, 1]-valued random variable. Typically, the
estimator ¢ = argmax e ] |U,(s)]|| satisfies these assumptions with Thay = argmax,co 1 [|G(s)]l
for some Gaussian process G [for a recent review on the relevant literature see Jandhyala et al.
(2013)]. Consequently, if 6% is an estimator of 0%, 1, ,, We obtain by 72 = (f(?i)) .
the asymptotic variance in (3.21). This yields for the statistic

A2_—3 IAQS S
= e, T

(3.21) Tf;th’t

an estimate of

the weak convergence
n -~
(3.22) VI 2 — lo(R) — 0B ) 2> (0.1,

whenever 0(F}) # 0(F»). On the other hand, if 8(F;) = 0(F;) we have

(3.23) N /0 32 (5)ds 5 0

Theorem 3.2 [f assumption (3.22) is satisfied, then the test, which rejects the null hypothesis
(3.3) of no relevant change, whenever

7/2
3.24 M2 > A2 4y,
(3.24) N
1 a consistent asymptotic level a test.

Proof. Define § = ||0(F;) — 0(F,)|| and assume that the null hypothesis § < A holds. If 6 > 0
it follows from (3.22) that the probability of rejection by the decision rule (3.24) is given by

~

325) ,00) = Pa(I2 2 A%+ ur- ) = p, (VM=) AT )

\/W(Mii )

7

< Pa( > ul—a) — «.

Similarly, if § = 0 (which implies (U(s) = 0), we obtain from (3.23)

(3.26) \/’/ T2(s Pa- ey (ﬁA2+u1_a%)) — 0.

3 n—oo
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Consequently, the test, which rejects the null hypothesis whenever (3.24) is satisfied, is an asymp-

totic level a-test. On the other hand, under the alternative § > A, a similar argument shows

that (,(6) —— 1, which proves consistency. O
n—oo

The choice of the estimators 72 and ¢ depends on specific examples under consideration and
will be discussed in more detail in Section 5, where we illustrate the methodology by several
examples.

Remark 3.3

(a) It is worthwhile to mention that for the problem of testing the “classical” hypothesis Hj :
01 = 0 the test (3.24) proposed in this paper is usually less powerful than the classical CUSUM
test independently of the size of A2. The reason for this consists in the fact that it follows
from assumption (3.16) and the continuous mapping theorem that under the null hypothesis
Hy : 6; = 05 the statistic n fol T2 (s)ds converges weakly to a non-degenerate random variable.
Consequently, we observe from (3.26) that for reasonable sample sizes the level of the test is
practically zero, where the classical CUSUM test has approximately level a. As a consequence,
the power of the classical test for the hypothesis Hy : #; = 05 is usually larger than the power of
the test (3.24). On the other hand, the new test (3.24) has a substantially smaller type I error.
Therefore (without any adjustment of the nominal level) both test are not comparable and the
test for a relevant change should not be used for the “classical” hypothesis Hy : 01 = 6,.

(b) If the true change point is very close to 0 or 1 and the sample size is fixed it is intuitively clear
that the new test (3.24) has a similar behavior as in the case where there is no change point in
the process. Observing (3.23) we therefore expect that the new test is conservative in this case.
These observations have been confirmed in a simulation study, which is not displayed for the
sake of brevity. Moreover these findings are in line with results in classical change point analysis.
For example, Andrews (1993) recommended to restrict the interval [0, 1] to [e,1 — €] for a small
constant € > 0 in order to gain power of the CUSUM test for the hypothesis Hy : 8, = 65, and a
similar strategy could be applied in the problem of testing for relevant changes in the process.

3.3 Further Discusstion: In this section we briefly mention two further applications of the
new approach. First we note that testing hypotheses of the form (1.1) and (1.2) does not allow
to control the type II error if the null hypothesis of no (relevant) change point cannot be rejected
and subsequent data analysis is performed under the assumption of no change point. If the
statistician is interested in controlling the error of erroneously deciding for a non relevant change
point, we propose testing hypotheses of the form (1.4) for the similarity of the parameters. The
corresponding test is easily obtained form the previous discussion and rejects the null hypothesis
Hy : ||6h — 02| > A in favor of Hy : ||y — 02| < A, whenever

~

3.7 M2 < A? + yy——.
( ) n S +u n

Secondly, M% provides an estimate of the magnitude of the change and it is of particular impor-
tance to quantify the uncertainty of the estimate. This can easily be achieved using the result
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on weak convergence specified in (3.22). For example a two-sided confidence interval for the

squared distance ||, — 65]|* between the parameters 6; and 6, is given by

- T o~ T
3.28 M2 — uy_gjo—=, M? + uy_n/0—=]|.
(3.28) [M2 — g2 Vi Mt -ar \/ﬁ]
The coverage probabilities of this interval are investigated by means of a simulation study in
Section 5.

4 Applications: Detecting Relevant Change-Points

In this section we discuss several examples to illustrate the theory developed in Section 3. In
particular, we concentrate on the detection of relevant changes in the mean, coefficients in a
linear regression and a relevant change in the distribution itself. Further examples discussing
changes in the variance and correlation are presented in Section C of the online supplement. In
order to be precise we assume that the assumptions of Theorem A.1 and A.2 in Section A.1 are
satisfied. Similar results can be derived for alternative dependency concepts.

4.1 Relevant Changes in the Mean: The most prominent example of change-point analysis
in model (3.1) consists in the investigation of structural breaks in the mean p = Opean(F) =
fRd 2F(dz). While the “classical” change-point problem Hy: pq = o versus Hi: jy # o has
been investigated by numerous authors [see Csérgé and Horvath (1997) for a survey of methods
for the independent case and Aue and Horvath (2013) for an extension to dependent datal,
we did not find any references on testing the hypotheses (2.1) of relevant change-points in the
mean. Note that in contrast to the discussion of Section 2 and to most of the literature, we
do not assume that the stochastic features of the process besides the mean coincide before and
after the breakpoint. In particular, the variances or more generally the dependency structures
before and after the change-point can be different, although the means p; and ps are “close”,
i.e. |[p1 — pe|| < A. Theorem A.2 in the online supplement establishes condition (3.16), where
the covariance kernel of the limiting process is defined in (A.14) and (A.15) with Oy, (I{W(¢) <
}) = Omean ([{Wi(0) < -}) = Wi(€). Consequently, the corresponding asymptotic variance in
(3.20) is given by
o = ga ot — ) {16~ 100+ o)y
(4.1) (1= 3+ 862 = 6)V3 1y — o)

where V™" and V;"**" are defined in Theorem A.2 in the online supplement with Oy, (1{Wy(¢)
) =Wi(¢) (¢ =1,2). Then, for a d-dimensional sample Z1, ..., Z, with Z; = (Z;1,...,Zi4),1
1,...,n, the test statistic is obtained as

I IA

(4.2) My = —————> T.(i),



where T,,(i) = S0, T2(), Ti(i) = + Z;=1 Zik— 73 20y Zjx and £ = Largmax, ., |T,,(i)|. The
null hypothesis of no relevant change in the mean with potentially different variances before and
after the change-point is rejected whenever (3.24) holds. The estimator 7%17 F,,¢ Of the asymptotic
variance is obtained from formula (4.1) by replacing the unknown quantities ¢, p;, and ps by
their empirical counterparts , fi; and ji, [see formula (2.6) and (2.7) in Section 2]. For the
estimation of the long-run variances V™" and Vy***" in (4.1) one has to account for potential
serial dependence, and we propose a kernel-based estimator as described in Andrews (1991)
in the two different subsamples. More precisely we choose the Bartlett kernel and a data-
adaptive bandwidth v, = 1.1477(4p%|nt] /(1 — p*)?)'/3. Here, p is the mean of the estimated
AR(1) parameters for the k univariate series {Z;; | i = 1,...,n} (k =1,...,d) for the sample
before the estimated break point, respectively (note that this choice of p is optimal for an AR(1)

process in a univariate context). The estimator of V;™*" is then defined by

L] |nt]—1

. |nt]|—j
“rmean 1 E : A ~ 2 § : J ~ N
‘/1 = = (ZZ — ,ul)(Zl - ,LLl)T + = k (—> E (Zz — ,ul)(Zz+] — ,ul)T

[nt] = [nt] o Vo) “=

with k(z) = (1—|z|)1{<1) and an analogue expression is used for the estimation of the quantity
Vorea™ in (4.1). The choice of the bandwidth has no big impact in the case of serial independence,
but reduces size distortions if there is high serial dependence.

4.2 Relevant Changes in the Parameters of a Regression: Early results on change-
point inference in linear regression models can be found in Kim and Siegmund (1989), Hansen
(1992), Andrews (1993), Kim and Cai (1993) and Andrews et al. (1996). More recent work on
this problem has been done by Chen et al. (2013) and Nosek and Szkutnik (2014), among others.
In this section we introduce the problem of testing for relevant changes in the parameters of a
regression model. To be precise, we consider the common linear regression model

Yn,i :gT(Xz)B(1)+€z 1= 17"'7”
where ﬁ(l) = ... = B(Lntj) 7é 5([m]+1) = ---5(1@) = [ and (Xi)izl,..‘,n and <5i)i:1,...,n are
independent strictly stationary processes. In the notation of Section 3 and Section A.1l in
the online supplement we have Z,1,...,Zy 0y = (X1,Yn1), - (X(ne)s Yo lney) ~ Fi, and

Zpnt)+1s -+ Znmn = (Xint)+1, Yo nt)41), - - -» (X, Yon) ~ F, where Fy and F, are the joint
distribution functions before and after the change-point, respectively. Note that the marginal
distribution F'yx of the predictor X satisfies Fixy = Fi(-,00) = Fy(+,00) by these assumptions.

In order to construct tests for the null hypothesis of no relevant change

(43) Ho : ”61 — 62” < A versus H1 : ”51 — 62” > A

we assume that the k& x & matrix

(1.4 Bim [ o’ @F(ndy) = [ o) (@) Fxlr)

Ra
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is non-singular and note that the parameter ; can be represented as

@) i=0F) = ([, s@e"@rtea) { [ k@) =12

For an illustration we consider the case k = 1, g(x) = x that is Y; = 6X;+¢; (i =1,...,n). The
test statistic is defined by (4.2) where T,,(i) = Bin(% Y XY= Y XYG), By = 5 o X7
and ¢ = Largmax,;,|T,,(¢)|. The null hypothesis (4.3) of no relevant change in the parameter
[ is rejected whenever (3.24) is satisfied, where

(4.6) 2 _ 4(&1 B2)

i = spep— e Vi 20— 00+ Vo[ — (1= 1) +15:)°

(B + (-8}
See Section B.1 in the online supplement for a derivation of these formulas and the definition of
Vi and V,. We replace the unknown quantities ¢, B, 81, B2, Vy and V; by ¢, B,,, the OLS-estimates
31 and f3, from the two subsamples before and after the estimated change-point |nf| and the
estimators

o= 23 (- o> X
— =
A |nit] |nt] n 2
v, = _Z X e - ZX (1) Z (Xiégz) Z Xjé§2)> ’
i=|nt]|+1

~(1) ~(2)

where €, and ;" are the least squares residuals form the sample before and after the estimated
change-point. In the case of serial dependence the estimators Vo and V4 have to be modified
appropriately and the details are omitted for the sake of brevity. We finally mention that the
results of this section can generalized to error processes (g;)!; with different strictly stationary

phases before and after the change-point.

4.3 Relevant Changes in the Distribution: In order to investigate the problem of a
relevant change with respect to the distribution in a univariate sequence of the form (3.1) we
consider the distance

(@.7) 17~ Rl = ([ (RG) = Ra(e) )

on the set of all distribution functions with existing first moment. In this case the null hypothesis
of no relevant change in the distribution function is formulated as

(4.8) Hy: |Fi— B <A Hy:||Fy — Bl > A,

For a given sample Z1,..., 7, of independent random variables the test statistic for the null
hypothesis (4.7) of no relevant change in the distribution function is defined by (4.2), where

—_

. 1 1 i n 9
(4.9) T.(i) = > (Zw+1) — Zr) (; Y gz - 3 > 1{stz(k>}> :
j=1 j=1

1

3

i
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Here Z(yy,..., Z(,) denotes the order statistic of Zy,...,Z,. The null hypothesis of no relevant
change in the distribution function is rejected whenever (3.24) holds. For the definition of an
estimator of the asymptotic variance we note that we assumed independent observations such
that we have

4
TR Pyt = 52(1— 1) [t(5 — 10t + 6752)/ A(z1, 22)(Fi(21) A Fi(22) — Fi(21) Fi(22))dzdz

RQ

+(1 — 3t + 8t — 6t°) /

A(Zl, ZQ)(FQ(Zl) VAN FQ(ZQ) — FQ(Zl)FQ(ZQ))dzleQ] .

RQ

where we use the notation A(zy, 22) = (Fi(21) — Fa(21))(Fi(22) — Fa(22)). The estimator 73, g, ,
is now obtained by plugging in £ = %argmaxlgignwn ()| and replacing the unknown distribution
functions by F} and F, by the empirical distribution functions calculated from the subsample
before and after the estimated change-point.

5 Finite Sample Properties

In this section, we illustrate the application of the new testing procedure and provide some
finite sample evidence. For the sake of brevity we investigate three cases: the detection of
relevant changes in the mean, parameter of a linear regression model and a relevant change
in the distribution function. Similar results can be obtained for the other testing problems
considered in the online supplement but are not displayed here for the sake of brevity. In all
examples under consideration, we performed 5000 replications of the test (3.24) at significance
level a = 0.05. We also note that it follows from the proof of Theorem 3.2 that the power of the
test (3.24) is approximately given by

QI)(\/ﬁ(AQ )

~ + u17a> .
TRy, Pyt

(5.1) Bn(d) =1 —
Similarly, we obtain a formula for the p-value of the test, that is

(5.2) 1—<1>( . (Mi—A2>),

where ® is the distribution function of the standard normal distribution. These formulas will be
helpful to understand some properties of the test (3.24).

5.1 Relevant Changes in the Mean: At first, we look at the test for changes in the mean as
discussed at the beginning of in Section 4 focussing on a one-dimensional sample Z3,...,7Z,. In
Figure 1 we display the rejection probabilities of the test (3.24) for sample sizes n = 200, 500, 1000
and independent normally distributed random variables with mean p; = 0 in the first half and
mean o = 1 in the second half of the sample, i.e. ¢ = 0.5. The variance is constant and equal
to 1. The left part of Figure 1 presents the empirical rejection probabilities of the test (3.24) for
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Figure 1: Empirical rejection probabilities of the test (3.24) for the null hypothesis of no relevant
change in the mean, where pu; =0, us = 1, t = 0.5. Left panel: constant § = 1, varying A. Right
panel: constant A = 1, varying 9.

fixed 0 = 1, where the parameter A, which defines the size of a relevant change in the hypothesis
(2.1), varies in the interval [0.2,1.2]. We observe that the power of the test decreases in A as
predicted by formula (5.1). For A = 1, the power is approximately 0.05, which shows that the
test keeps its nominal level.

The right part of Figure 1 displays the power curve of the test (3.24) for the same sample sizes
and A = 1, where the “true” difference § = p; — s varies in the interval [—2,2]. As expected,
the power curve is U-shaped with a minimum at § = 0 [note that the power of the test converges
to zero in this case - see formula (3.26) in the proof of Theorem 3.2]. Again the nominal level is
well approximated at the boundary of the null hypothesis, that is 6 = 1. We also observe that
the type I error is much smaller inside the interval {6 € R | |§] < A}.

Figures as displayed in the left part of Figure 1 are useful to obtain the minimal size of the
parameter A in (2.1) such that the null hypothesis of no relevant change of size A is rejected at
controlled type I error, while the figure in the right part directly displays the power function of
the test (3.24). Both types essentially provide the same information and for the sake of brevity
we focus in the following discussion only on the power function. Moreover, due to the obvious
symmetry, we just present the values for § > 0.

In Figure 2 we analyze the effect of changes in the variances on the testing procedure, where
the sample size is fixed as n = 200 and the setting is the same as in Figure 1. The left part
of the figure shows the power of the test (3.24) for the null hypothesis of no relevant change
in the mean, where the variances are the same before and after the change-point and given
by 02 = 0.2%2,0.52,1,22,5%2. We observe that the approximation of the nominal level is rather
accurate at the point § = 1. Moreover, the rejection probabilities decrease in o2. Note that there
is essentially no power for 0 = 5% because in this case the variance is dominating the mean.
Moreover, in this case the level of the test is not very well approximated, which is due to the fact
that it is difficult to estimate the change-point ¢ accurately under a large signal to noise ratio.
In the right part of Figure 2 we display the effect of changing variances in the same setting as
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Figure 2: Empirical rejection probabilities of the test (3.24) for the null hypothesis of no relevant
change in the mean, where A = 1. Left panel: constant variances. Right panel: different
variances before and after the change-point. The sample size is n = 200 and the horizontal line

marks the significance level 0.05.

in the left part where the variance in the first half is equal to 1 and in the second half given by
0? =0.22,0.52,1, 22,52 We do not observe substantial differences with respect to the quality of
approximation of the nominal level. Compared to the case of constant variances the power is in
general lower for o2 > 1 and higher for 02 < 1. These empirical findings reflect the asymptotic
theory, because the asymptotic variance of the estimator Mi is an increasing function of o? and
o2 [see formula (4.1)] and it follows from (5.1) that the power of the test (3.24) is decreasing
with this variance.

Finally, we investigate the effect of serial dependence on the test (3.24) for the null hypothesis
of no relevant change in the the mean. For this purpose we generate n = 200 and n = 500
realizations of an AR(1) process with AR parameter p = 0,0.4,0.8, mean zero and standard
normal distributed innovations using the R-function arima.sim. Note that such a process fulfills
a strong mixing condition with mixing coefficients that decay exponentially [see for example
Doukhan (1994), Theorem 6, p. 99.]. After that, we add 0 to the last 100 realizations. Figure 3
shows the serial dependence has an impact on the quality of the approximation of the nominal
level if the sample size is n = 200. Moreover, the power decreases with increasing correlation.
These properties have also been observed by other authors in the context of CUSUM-type testing
procedures for “classical” hypotheses [see Xiao and Phillips (2002) and Aue et al. (2009b)].
Moreover, using the asymptotic theory from Section 4 we can also give a precise explanation
of these observations. For the AR(1) model under consideration the quantities V" in (4.1)
are given by Vmean = ymean — 52 /(1 — %) Consequently the asymptotic variance TZ%LF27t is
increasing with |p| and by formula (5.1) the power is decreasing.

5.2 Relevant Changes in the Parameters of a Regresston: In thissection we investigate

the finite sample properties of the test for a relevant change in the slope parameter of the

regression model
YZ:ﬂXZ—I—EZ s izl,...,n

19



1.0
1.0

0.8
0.8

0.6
0.6

0.4

Empirical rejection probabilities
0.4

0.2
Empirical rejection probabilities

0.2

o
o

0.‘0 0.‘5 1‘,0 115 2.‘0 0.‘0 0‘,5 1‘,0 1.‘5 2‘,0
) )
Figure 3: Empirical rejection probabilities of the test (3.24) for the null hypothesis of no relevant
change in the mean under serial dependence, where A = 1. Left panel: sample size n = 200.

Right panel: sample size n = 500. The horizontal line marks the significance level 0.05.

based on a bivariate sample. In the left part of Figure 4 we display the power of the test (3.24)
for the null hypothesis of no relevant change in the parameter 5, where $; = 0 in the first half
and By = 0 > 0 of the sample and the explanatory variables X; and errors ¢; in the linear
regression model are independent identically standard normal distributed. The approximation
of the nominal level is rather accurate and the power is increasing with the sample size. On
the other hand, the power of the test for a change in the slope is lower than the power for the
test for change of the same size in the mean as considered in Figure 1. This observation can be
easily explained by the asymptotic representation of the probability of rejection in (5.1) which is
a decreasing function of the asymptotic variance 73, p ,. For the test of the null hypothesis of no
relevant change in the mean and slope these variances are given by 307.2 and 576, respectively
[see (4.1) and (4.6)]. In the right part of Figure 4 we display the results for heavy-tailed predictors
X;, that is X; ~ \/étg,, where ty denotes a t-distribution with f degrees of freedom. Note that
the t-distribution is standardized with Var(X;) = 1. We observe a less accurate approximation
of the nominal level if the sample size is n = 200. Moreover, ¢5 distributed regressors yield also
a loss in power. This observation can also be explained by formula (5.1), where the asymptotic
variance 7'}2;17 F.05 18 given by 576 and 1024 for the normal and ¢5-distribution, respectively.

5.3 Relevant Changes in the Distribution: We continue with a brief finite sample study
of the test for the null hypothesis of no relevant change in the distribution function, which was
discussed in Section 4. We choose sample sizes n = 200,500, 1000 with serially independent
random variables, A/(0,1)-distributed in the first half and y?-distributed with different degrees
of freedom f = 0.2,0.4,0.6,0.8,1,1.2,1.4 in the second half of the sample. The y2-distributed
random variables are standardized such that they have mean 0 and variance 1. The distance
||Fi — F3|| for f =1 is approximately equal to 0.2254 and this value was chosen as A in the test
(3.24). Table 1 shows the rejection probabilities of the test (3.24). Due to the different distance

L Additional simulations show that this power difference still exists if we do not account for serial dependence

[nt] (X; — fi1)? and the analogue formula for Vymean,

. . . % _ 1
in the mean test, that means if we consider V" = ICHl Dot
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Figure 4: Empirical rejection probabilities of the test (3.24) for the null hypothesis of no relevant
change in the parameter of a linear regression model. Left panel: normal distributed regressors.

Right panel: ts-distributed regressors. The horizontal line marks the significance level 0.05.

df | f=02]f=04|f=06|f=08| f=1|f=12|f=14
n /6§ | 03730 | 0.3154 | 0.2764 | 0.2476 | 0.2254 | 0.2077 | 0.1932
200 | 0.995 | 0.784 | 0404 | 0.174 | 0.078 | 0.042 | 0.021
500 | 1.000 | 0.978 | 0.614 | 0.221 | 0.069 | 0.023 | 0.006
1000 | 1.000 | 1.000 | 0.846 | 0.313 | 0.064 | 0.011 | 0.001

Table 1: Empirical rejection probabilities of the test (3.24) for the null hypothesis of no relevant
change in the distribution function. The first half of the sample is generated from a N(0,1) and
the second half from a (standardized) x*-distribution with different degrees of freedom. The size
of a relevant change is defined by A = 0.2254 and corresponds to f = 1.

measure, they are somewhat difficult to compare with the other figures, but apparently, the test
does work well. The power decreases in f as the X?—distribution, standardized such that it has
mean zero and variance one, converges to the N(0, 1)-distribution for f — oo.

5.4 Confidence Intervals: As discussed in Section 3, the method proposed in this paper
can also be used for constructing confidence intervals for the magnitude of the change between
the parameters 6; and 6,. We illustrate this for the case of a change in the mean considering
the setting from the right panel of Figure 1. In Table 2 we display the simulated coverage
probabilities of the confidence interval (3.28), where § € {0.4,0.6,0.8,1,1.2,1.4}. We observe
that the empirical coverage probabilities are close to the theoretical ones. If § approaches 0 the
corresponding confidence intervals become conservative if the sample size is not too large.

5.5 Empirical Illustration: We illustrate the application of the new test in an example
from portfolio management. For this purpose we consider continuous returns from the closing
prices of BASF and Sanofi. The time period for the prices is 1st June 2009 to 1st June 2012,
that is n = 784, and we observe the bivariate vectors (X;,Y;) (i = 1,...,n), where X represents

21



n/o]0406|0s| 1 [12]14]04]06]08] 1 |12]14
a = 0.05 a=0.1

200 | .973 | 955 | 949 | 946 | .944 | 944 | .939 | 911 | .905 | .903 | .900 | .899

500 | .956 | 953 | .951 | .952 | .951 | .951 | .914 | .906 | .903 | .902 | .901 | .901

1000 | .957 | .954 | .953 | .952 | .952 | .952 || .907 | .902 | .900 | .899 | .899 | .900

Table 2: Empirical coverage probabilities of the confidence interval (3.28) for the null hypothesis
of no relevant change in the mean. The first half of the sample is generated from a N(0,1)- and
the second half from a N (0, 1)-distribution.

BASF and Y Sanofi. We first used the procedure described in Section 4 to test the hypothesis
of a relevant change point in the variance 3, where ¥ is the covariance matrix of (X,Y’). More
precisely, we test the series {Z; = (X?,Y?, X;Y;)T| i = 1,...,n} for a relevant change in the
mean. Assuming constant means, which is standard with financial returns, this is equivalent
to testing for a relevant change in the variance-covariance-matrix [see Section C.1 in the online
supplement for more details]. On a 5% significance level the test (3.24) does not reject the null
hypothesis of a relevant change of size A = 10~* in the norm of the variance matrix. The test
statistic is given by M2 = 4.67-107® and the right-end of the critical region is given by 4.72-1075.
Moreover, the 95%-confidence interval for the squared norm of the vector of differences in the
second order moments is given by [-1.9-1079,9.5 - 107¥].

Next we consider the “classical” testing problem Hj : ¥; = X5 to detect changes in the vari-
ance structure using the test proposed in Aue et al. (2009). More precisely, we consider the
test statistic 2, defined in this paper and kernel/bandwidth chosen as described in Section 4.1,
where the AR parameters are estimated from the full sample. The value of the test statistic is
1.41, while the critical value is 1.00 [see Page (1959), p. 444]. Consequently this test rejects the
null Hy : X1 = Ys. The estimated break point tis 0.717.

Finally, we illustrate some consequences of the different decisions. For this purpose we consider
two simplified investment strategies which are both based on the global minimum variance port-
folio given by %
of no relevant change points. As pointed out in the previous paragraph the method proposed
in this paper does not reject this hypothesis and the matrix ¥ is estimated by the empirical

The first strategy is a consequence of the test for the hypothesis

covariance matrix from the full sample. The second strategy is based on the test of Aue et al.
(2009), which rejects the “classical” hypothesis of a change in the variance. Here the empirical
covariance matrix is estimated from the sample (X ;11 Y|nij41), - - (Xn, Yn) (with t =0.717).
We calculate the daily returns for both strategies and the profit/loss at the end of the time
period: With a start amount of 10000 pounds, one would have a loss of 388.04 pounds for the
first and of only 101.19 pounds for the second strategy. Therefore, in a world with only fixed
but no variable transaction the second strategy would be useful if the fixed transaction costs are
not higher than 388.04 — 101.19 = 286.85 pounds. In other words, if the costs are higher, one
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should not reject the null hypothesis and the break in the covariance matrix should be regarded
as an irrelevant change. These results can be used for the choice of the threshold A in future
investment strategies. More precisely, if an investor assumes that these retrospective calculations
are valid for future decisions and if the transaction costs are higher than 286.85 pounds, the new
test developed in this paper should be used with threshold A = 8- 1075, If the null hypothesis
of a no relevant change in the variance is not rejected, the investor should not shift his portfolio
even if the test by Aue et al. (2009) rejects the “classical” hypothesis Hy : ¥ = X.

6 Conclusions and Future Research

In this paper we have investigated the problem of testing for a relevant change in the parameters
of a time series. Our work was motivated by the observation that in many cases data analysts
are only interested in changes where the difference between the parameters before and after the
change point exceeds a minimum threshold, say A. An important ingredient in our approach
is the appropriate choice of this threshold, which has to be defined carefully in every particu-
lar application in order distinguish between statistical and scientific significance. The classical
approach avoids this choice by simply putting A = 0, and we strongly argue to choose this
threshold thoroughly considering the scientific background of the testing problem. Statistical
methodology is developed for testing the hypothesis of no relevant change points. Moreover, if
a reasonable choice of the threshold based on the scientific background is not possible, our ap-
proach still provides a confidence interval for the norm of the difference between the parameters
of the process before and after the change point.

The method proposed in this paper is based on an Lo-distance of the classical CUSUM process
and can be applied in numerous change point problems. Asymptotic analysis is performed in
order to derive (asymptotic) critical values under the assumption that the process before and
after the change point is strictly stationary and a simulation study demonstrates good finite
sample properties of the new test. An important and interesting topic for future research is
to extend these results to non-stationary processes using a similar approach as in Zhou (2013).
For example, consider the model Y; = p; +¢; (i = 1,...,n), where (¢;);cz is a piecewise locally
stationary process (PLS) in the sense of Definition 1 of Zhou (2013), and p; = py if 1 <14 < |nt]
and p; = po if [nt| +1 < ¢ < n. It then follows using similar results as presented in this paper
that

Vi{Un(s) = (s At — st) (11 — f12) baclo.) = {U(s) = sU(1) bacpouy

where {U(s)}sej0,1) is a centered Gaussian process with covariance kernel

T bit1
k(s,t) = Z /b Z Cov[Gi(u, Fr), Gi(u, Fo)]du

v keR

and the constants b;, the o-fields F; and the nonlinear filters GG; appear in the definition of the
PLS (ei)iez [see Zhou (2013)]. From this result an analogue of Theorem 2.1 could be derived.
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However, the asymptotic variance depends in a complicated way on the covariance kernel £ and
critical values cannot be derived from the asymptotic theory. For the implementation of a test
for the hypothesis of no relevant changes in the mean bootstrap methods have to be developed,
which address the particular problems appearing with tests of interval hypotheses adequately.
A further challenging direction for future research is the extension of the methodology for de-
tecting relevant changes in processes with multiple break points, which have found considerable
attention in the recent literature. One obvious idea is to use binary segmentation methods for
this problem [see for example Cho and Fryzlewicz (2014)], but multi-scale inference [see Frick
et al. (2014)] or methods based on spectral analysis [see for example Preuss et al. (2014)] might
yield to other powerful methods.
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A Online Appendix

A.1 Strong Mixing Processes

Assumptions (3.16) and (3.17) are crucial for the asymptotic analysis presented in Sections 3. If
Fy = F5 (i.e. there exists no structural break) they have been verified in several situations. For
example, Deo (1973) proved that

~ D
(A1) Vi{(Fa(1,2) = F(1,2)}_ HG(L,2)}ccm
if the process {Z;}}_, is stationary and strong mixing with mixing coefficients «,, converging
sufficiently fast to 0, that is 32°° an/* "n? < oo for some 7 € (0,1/2). Here {G(1,2)},cpe
denotes a Gaussian process with covariance structure

k(z1,2) = > E[(I{Z < 21} = F(21))(I{Z < 22} — F(2))].
keZ

These results can be extended to other concepts of dependency and to the sequential empirical
process defined in (3.5), and for some recent results in this direction we refer to the work of
Berkes et al. (2009) and Dehling et al. (2013).

However, these results are not applicable anymore in the problem of detecting relevant change-
points by means of a test for the hypothesis (1.3), because statements of the form (3.16) or (3.17)
are required for the case F} # F» in order to obtain the asymptotic distribution in Theorem 3.1.
In this case the process under consideration is not stationary anymore. Additional difficulties
appear because one has to work under the assumption of a triangular array, and it will be
necessary to reflect this fact in our notation throughout this section, that is

(A2) Zml’,...,Zan” ~ F1 ) Zn,I_ntJ—i—lyu-aZn,n ~ FQ,

where F; and F; are the distribution functions before and after the change-point. We also assume
that F; and F; are continuous. In principle, it should be possible to extend the results for the case
Fy = F5 to the case F} # F, for most of the commonly used dependency concepts, but a general
discussion is very complicated and beyond the scope of the present paper. For these reasons we
restrict ourselves to the case of strong mixing triangular arrays in the subsequent discussion and
investigate assumptions (3.16) and (3.17) in this case. Other concepts of dependency could be
treated similarly.
To be precise, consider the triangular array {Z,r | k£ = 1,...,n},en in (A.2) and define for
1 < s <t the o-field Fi(n) = c({Z,; | s < j < t}) generated by the random variable
{Z,;]s<j <t} Wedenote by

a(m) =sup sup sup{|P(ANB)—-PAPB)||AecF;

m
neN 1<k<n—m

(n), Be }"f(n)}, m e N

the strong mixing coefficients of the triangular array {Z,1,..., Zn}nen and assume that for
some 1 > 0
(A.3) a(n) = O(n~1+m)
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as n — 0o. Moreover, for ¢ = 1,2 let {W,;(¢) };cz denote strictly stationary processes, such that
for each n € N

|iS]

<A4) (Zn,h ceey Zn,Lntj)
(A5) (Zn,\_ntJJrla e Zn,n)

(W(1), ..., Wi (1))
(Wi(2), - s Wy (2))

D

The interpretation of this assumption is as follows: there exist two regimes {W;(1)}ez and
{Wi(2)}1ez and the process under consideration switches from one regime to the other. The
following statement specifies the weak convergence of the sequential empirical process

[ns]
~ 1
. n\9, = — nzg .
(A.6) F,(s,x) nZJ{Z, 2}

i=1

Theorem A.1 Let {Z,1,..., Znn}tnen denote a triangular array of strong mizing random vari-
ables of the form (A.2), such that (A.3), (A.4) and (A.5) hold, then a standardized version of
the process {F,,(s, 2)}seo],zere converges weakly in €([0,1] x RYR), that is

{\/ﬁ(fﬁn(s,z) . EFLFQ,t(s,z))} 2, {GFLFM(S, z)}

s€[0,1],2€R4 s€[0,1],2€R4

Here Ep, ,+ is defined in (3.6), Gp, g+ denotes a centered Gaussian process with covariance
kernel

(A?) E[GFl,Fg,t(Sla Zl)GFl,Fg,t(SQa 22)] = (81 A So N t)k‘l (21, 2’2) + (81 A\ SS9 — t)+k52(21, 22),
and the kernels kv and ko are defined by

(A.8) ke(z1, 22) = ZCOV(I{WO(E) <z}, H{Wi(0) < z}); (=12

1EL

Proof: Recalling the definition of F,, and Ef, g, in (A.6) and (3.6), respectively, we obtain the
decomposition

A 1
(A.9) Fu(s,2) = By pe(s, 2) = XP(s,2) + X (s, 2) + OP(T)’
n

uniformly with respect to (s, z) € [0, 1] x R, where the processes XU and X are defined by

1 [n(snt)] [n(sAt)]
X{)(s,2) = - Z ({Zn; <2} — Fi(2)) = Z Yojs
Jj=1 7j=1
o 1 [ns] [ns]
X = = : - = :
Ds2) = ~I{s > 1} Y H{Zy < -R)=Hs>t} Y Y.
j=[n(sAt)]+1 j=[n(sAt)]+1
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and the random variables Y,, ; are defined by
. 137, ; <z} — Fi(z .

(A20) Yoy (2) = 14 < [ty I SHZBE) sy

Observing (A.4) and (A.5) it then follows from Biicher (2014) that

{Vax(s,2)} 2 {6Y(s,2)}

5€[0,1],z€R4

I{ij S Z} - FQ(Z)

n

s€[0,1],2€R4 ’

where G and G® are two centered independent Gaussian processes with covariance structure

(81 VAN S9 VAN t)]ﬁ(Zl, ZQ) ifl=1

Al E[GY(s1,2)6Y (52, 25)] = '
(A.11) (G5 (s1,21)6 (52, 22)] (51 A sy — 1) ho(z1,22) £ =2

Consequently, the processes v/n x4, NZD X? and its sum Vvn X, =+/n (Xg) -+ Xg)) are asymp-
totically tight [see Section 1.5 in van der Vaart and Wellner (1996)], and in order to prove weak
convergence of the process y/n X, it remains to establish the weak convergence of the finite
dimensional distributions. For this purpose we use the Cramer-Wold device and show for all
(51,21), -+, (Sky26) € [0,1] x R4, ay,...,a €R

k
(A.12) {Z a; X, (85, 25) } =N ZO‘jGFl,Fz,t(Sjazj)7
j=1

where Gp, g, is the Gaussian process defined in Theorem A.1. For the sake of a clear exposition
we restrict ourselves to the case kK = 2 and begin with a calculation of the covariance of X,(ll) (s1,21)
and Xy(f)(sQ, 29). If 51 < 59 <t we can use the same arguments as in Biicher (2014) and obtain
oo A s9 At)ki(z1, if ¢ =1
nCov(Xﬁf)(sl, zl),XSf)(SQ, 22)) s { (()51 s At)ki(21, 22) %f g
1 =

Similarly, if t < 51 < s9 < 1 we have

tkl (21, 22) if¢=1

n Cov (XY (s1,21), XV (59, 20) ) = .
<"(1 DK (52 2)> (51 A sy —t)yka(21,20) ifL=2

Finally, if s; <t < s, we have by assumption (A.3)

[ns1 [ns2 ]
1
‘Cov Xl (s1,21) ,X2 (82, 22) ‘ = n‘Cov( E Y, (=), E Yo (22 >) O(nn) o(1),
j=|nt]+1

where the random variables Y,, ; are defined in (A.l()). If s; =t < sy we use a sequence &,
satisfying €,n — oo and ne?2 — 0 and obtain by the same arguments

‘COV (tl, 21), Xg) (82, 22)

[n(t—en)] [nt] [n(t+en)] [ns2]

= n|Cov Y.+ Y+
2 2 T 2 2
]:

j=|n(t—en)|+1 =|nt]+1 =|n(t+en)Yn, ;| +1

) +O0(nep) = o(1).

1

(nen)

= O
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Using similar arguments for the remaining cases it follows from assumptions (A.4) and (A.5)
that

(A.13)

o? = lim Var( \/_Zoz] (s5,25))

n—oo

= lim n{afCOV(X;1 s1,21), XW (51, 21)) + 20105 Cov (XY (31,2 ), XW(s5, 25))

n—oo

(
—I—oleov( (sl, 21), f)( 21)) + 2a1a2C0V(X(2 (s1,21), X}’ (32, 29))
) ( X

X
(XD (55, 2)) + a3 Cov(XP (59, 22), X (52,22»}
= at{(s1 A k(a1 20) + (o1 = D)ol 20) |+ 03] (52 A ) (222 22) o (s2 = ) k(0. 20) |

+20£1042{(81 AN AN t)kl(Zh ZQ) (81 N 89 — t)+k32<21, ZQ)}

+OéQCOV< (32, 29

= Var <CV1@F1,F2¢(S1, 21) + a2Gpy (52, Zz)>,

where Gp, p,; denotes the centered Gaussian process defined in Theorem A.1.
In order to prove asymptotic normality of the statistic \/52321 a;X,(s;, z;) we introduce the
notation

Vi o -
T, ="~ D aiXa(sjiz) =Y Suj+op(1)
j=1 j=1

where the random variably S, ; are defined by

alj{jcf/ﬁtn%J } (I{Zn; < 21} = B pyp(s1,21))

N agf{j(f/%nszj }

and we use a central limit theorem for triangular arrays of strong mixing random variables [see

Snj =

(I{Zn’j < ZQ} - EFl,Fg,t(S% 32))7

Theorem 2.1 in Liebscher (1996), where p = oo]. For this purpose we note that it follows from
the discussion in the previous paragraph that lim, ., E[T?] = 1 and that it is easy to see that
limy, 00 D27 (e85 SUP,eq[ S T{]Sn sl > 5}])2 = 0 (a.s.). Similarly, it follows that the condi-

tion Z?Zl(ess SUDeq |Sn,j])2 < const(a.s.) of Theorem 2.1 in Liebscher (1996) is also satisfied.
Therefore this result shows that

Tn
\/_ZaJ SJ,Z] ~ :D>N(0>02)7

where the asymptotic variance o2 is defined in (A.13). This proves the convergence of the finite
dimensional distributions and completes the proof of Theorem A.1. O
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As pointed out in Section 3 , there exist many cases where assumption (3.17) (as established by
Theorem A.1 for strong mixing triangular arrays) is not satisfied. In this case it is necessary to
prove (3.16) for the specific functional under consideration. A general statement can be obtained
if the functional of interest is linear. The proof is obtained by similar arguments as given for
Theorem A.1 and therefore omitted.

Theorem A.2 Assume that the conditions of Theorem A.1 are satisfied and that the functional
in (3.2) is linear and S C R*. Then a standardized version of the process {I[Ajn(s)}se[oﬂ defined
by U, (s) = Oin(Fr(s, ) — sF,(1,-)) converges weakly in £([0,1]|RF), that is

{\/ﬁ(@n(s) — U(s))} 2, {DF17F27,5(3)}86[07”.

s€[0,1]

Here Dp, g, denotes a centered Gaussian process with covariance kernel

(A14)  dpy pe(s1,52) = EDr pi(51)Dp g, (52)]

= {(s1 Asg At) + s189t — so(s1 A L) — s1(se A)}V;

+ {(s1 Asg— 1) +s182(1 —t) — s1(s2 — )1 — s2(s1 — )+ }Va
and the matrices Vi, Vs € R¥*F are defined by

(A.15) Vi = ZCOV(th(I{WO(f) < H O ([{Wi(0) <-}), =12

keZ

B Details for Section 4

B.1 Linear Regression

Due to the nonlinearity of the representation (4.5), it is more difficult to derive a representation
of the form (3.11). For this purpose consider the functional

O(F)(s) := (/Rd+1 g(x)g" (z)F(1, dx, aly))_1 /RdH yg(x) (F(s,d:c,dy) — sF(l,da:',dy)).

defined on the set F C £>([0, 1] x R¥R) of all bounded functions F for which the integrals
exist (for each s € [0,1]) and which satisfy | [pay: 9(2)g" () F(1, dz,dy)| # 0. The analog of the
quantity (3.6) is given by

EFl,Fz,t(S7 y,l’) = (5 A t)F1<x7 y) + (S - t)+ F2(x7 y),
and it follows by a straightforward calculation that
(A16) in(s) = (Bri)(9) = ([ alols”(@)Fx()
x{(s At — st) /Rd+1 yg(x)(Fi(dz,dy) — Fy(dx, dy))}
== (S ANt — St)(61 — ﬁg) == (S ANt — St)(@(Fl) - 6(F2))7
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where we used (4.4) and the representation (4.5).
Assume for a moment that the matrix B in (4.4) is known, then we obtain from Theorem A.2
that the process

Un(s) = /}Rd+1 yg(x)(IAFn(s, dx,dy) — s]ﬁ‘n(l, dx,dy))

converges weakly to a centered Gaussian process, that is

(Vi (0u(s) = 0(s) } 2 Dy als) }

s€[0,1] s€[0,1]

where U = BUy,, Uy, is defined in (A.16) and ]INJJFLFQVt is a centered Gaussian process with
covariance kernel defined by (A.14) and (A.15), where

(A.17) OIIWL(0) < 1) = Wia(D)g(Wia(0)) ;£ = 1,2,

and Wy, 1(¢) € RY, Wyo(f) € R denote the components of the process {W},(¢)}rez considered in
Theorem A.1, that is Wy (€) = (W1 (€), Wi2(£))T (k € Z, ¢ = 1,2). However, the estimation
of the matrix B yields an additional effect, which makes the asymptotic analysis of the process
U, substantially more complicated. It is already visible in the decomposition

Vi (Ua(s) = Uia(s)) = v/ B, (Ua(s) = U(s)) + v (B, = B)U(s),

where B, = L 37" g(X;)g"(X,) = fpaer 9(2)g" (2)F,(1, dw, 00) denotes the common estimate of
the matrix B defined in (4.4). In order to explain this effect in more detail we restrict ourselves
to one-dimensional models. The general case can be treated exactly in the same way with some
extra matrix algebra. To be precise, define the empirical process H,(s) = (B,,F,(s))T, where

n [ns]
. 1 . 1
By =~ d X Fals) = - > 9(Xi) Y.
i=1 =1

Similar arguments as given in Section A.1 show

(A.18) {\/ﬁ (Hy.(s) — (B, EFl,szt(S))T)} = {H(s)}se[o,u

s€[0,1]

where B = [, ¢*(2)Fx(dz), Ep ru(s) = (s At)BB + (s — t)4 BB and H denotes a two-
dimensional centered Gaussian process with covariance matrix

Cov(H(s1), H(ss)) = ( Vo Vo((sa At)B1+ (52 —t)1f2) > |

Vo((sa At)B1 4 (sa —t)1f2) (s1 Asa At)Vor+ (s1Asa—1t): Vo

where V1 = (Vo837 + V1) and the matrices Vj and V; are defined by

Vo= Cov(g’(X0), *(Xx)),  Vi=>_ Cov(g(Xo)eo, 9(Xr)ex)-
keZ keZ
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Now an application of the functional Delta-method [see van der Vaart and Wellner (1996)] yields

{\/a U, (s) — Uhn(s)} N {B_I(Hg(s) — sHy(1) — (s At — st)H,(1)(B1 — 52))}

s€[0,1] se0,1]’

where H; and H, denote the components of the limiting process in (A.18). A tedious calculation
yields for the covariance structure of this process

k(Sl,Sg) = %[
+ B3{(s1 Nsa—t)4 — s1(s2—t)4 — sa(s1 — 1)+ + s152(1 — £) + (s1 At — s18) (52 AL — sat)
+(sa At —sat)((s1—t)4 — s1(1 = 1)) + (s1 At — s1t)((52 — ) — s2(1 — 1))}

+ Bifaf (st At —s1t)(sa(1 = 1) = (52— )1) + (s2 At — sot)(s1(1 = ) — (51 — t)+)}}

6%{(81 VAN S9 /\t) — 81(82 /\t) - 82(81 /\t) + 8152t - (51 Nt — Sﬂf)(Sg Nt — SQt)}

v
+ B_;[(SM\SQ/\I?)+(51/\82—t)+_52(51/\t+(81_t)Jr)

—s1(sa At 4+ (s2—t)4) + (st At —s1t)(s2a Nt — sgt)} :

Observing (A.16) we have by similar arguments as given in Section 2 that

ol ([ O - (- 87) 2 MO 00,

where the asymptotic variance is given by (4.6). From these considerations a test for the hy-
pothesis of a relevant change in the parameters of the linear regression model can easily be
constructed as indicated in Section 2 and 3 with (4.6).

B.2 Distribution Function

In order to estimate the distance described in (4.8) we define F C £°°([0, 1] x R|R) as the set of
all functions F, such that for each s € [0, 1] the integral

(A.19) /]R (F(s,2) — sF(1, 2))%d=

exists (for all s € [0, 1]). Note that this set contains the set of all functions of the form Ep g,
defined in (3.6), such that F; and F» have moments of order one [Székely and Rizzo (2005), p. 73].
We consider the functional @y, : F — £°°([0, 1]|R) defined by ®yon(EF)(s) = F(s,-) — sF(1,-),
then

(A.20) Cpon(Ep pt)(s) = (sAt—st)(FL — F2) () = Zp, pi(S,-).

In this case it follows from Theorem A.1 that assumption (3.17) is satisfied, and as a consequence
we obtain

(A.21) {\/ﬁ(zn(s,z) — Zpy s, z))} 2, {HFI,FN(S,Z)}

s€[0,1],z€R? s€[0,1],2€R?’

33



where the limiting process H is defined by Hp, g, (S, 2) = Gr, m1(S,2) —s Gy m(1, 2), and the
covariance kernel of this process is given by

hFl,Fz,t<517 21,82, ZQ) = {(51 A S9o A t) + 5152t — 82(81 N t) — 81(82 VAN t)}k;l(zl, ZQ)
+ {(51 A So — t)+ + 5182(1 — t) — 51(82 — t)+ — 82(81 — t)+}k2(21, ZQ).

Defining T, (s) = ||Z,(s,-)||, T(s) = || Z(s,-)|| and observing the representation
1 1 1
| mds— [ s = [l )P~ 126 50l s
0 0 0

1 / 1
= 2/0 /RZFl,Fz,t(S,Z)(Zn(S,z) — Zr, ;ot(8, 2))dzds + o, <ﬁ>

we have

1 1 1
<A22) ﬁ(/(; T?L(S)ds _\/0 TZ(S)dS) :D> 2/0v /RZF1,F2,t<S7Z)HFLFQ,L‘(&Z)CZZdS )

where Hp, g, is the limiting process defined in (A.21). Note that the right hand side of (A.22)

is normal distributed with variance
4
U%‘l,Fg,t == E(tQ(l — t)Q) [t(5 — 10t =+ 6t2)/ (Fl(Zl) — F2(21>>(F1(2’2) — FQ(ZQ))kZl(Zl, ZQ)ledZQ

RQ

+(1 — 3t + 8t — 6t°) /

RQ

(Fy(21) — Fa(21))(Fi(20) — Fa(2))ka(z1, zg)dzleQ] .

Consequently, we obtain

1 t2 1—+¢ 2
v ( / Ti(s)ds — " - B 2 (0,03 ),
0

and the test for the hypotheses of relevant change-points can be constructed following the argu-

902
ments given in Section 3 with 73,  , = W_SZ

C Further Examples

C.1 Relevant Changes in the Variance

Following Aue et al. (2009) we consider a triangular array of d-dimensional random variables
(Zn1)7-, with constant mean and investigate the problem of detecting a relevant change in the
variance. This means that the functional of interest is given by

Ovar (F) = /R ) 22V F(dz) — /R ) 2F(dz) /R ) 2T F(dz),

where F' is the distribution function. Note that this functional is not linear. However, if u =
E[Z,1] = ... = E[Z,4], ¥1 = Var(Z,;) and ¥y = Var(Z,,) denote the common mean and
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the variance before and after the break, respectively, a straightforward calculation yields the
representation

Uvar(5> =

(I)var(EFl,FQ,t)<S> = 9var<EF1,F2,t(5; ') - SEFl,FQ,t(17 ')>
Ovar (B (8, 7) = sEpy (1, 0)) = (s At — st) (21 — Xa),

where évar(F ) = fRd 22T F(dz). Consequently, assumption (3.11) is satisfied and we obtain from
Theorem A.2 the weak convergence of the process

|ns] n

. 1—s S

U,(s) = § Znﬁjz,{vj—g § Zn,jz,ﬁj
j=1

n )
j=lns|+1

to a centered Gaussian process with covariance kernel (A.14) and (A.15), where
Orin(I{W(£) < -}) = Ouar (I{W(£) < -}) = Wi(OOW] (0).

A straightforward but tedious calculation shows that the limiting variance in (3.20) is given by

4
2 - _ 2 var
TFl,FQ,t - 5(t<1 _ t))2tr{ [(t<5 10t+6t )‘/1

(1= 3t + 882 — %) V3] (31 — D) (51 — ZQ)T},

where V" and V" are defined in Theorem A.2 with Oy, (I{Wy(¢) < -}) = Wi (OO)WI () (¢ =
1,2).

C.2 Relevant Changes in the Correlation

Let Zpayoo oy Znn = (Xn1,Yna), -+, (Xpn, Yon) denote two-dimensional random variables sat-
isfying (A.2). Following Wied et al. (2012) we assume that E[X;] = uy, E[X?] = po, E[Y;] =

vi, E[Y;?] = 15 and we are interested in a relevant change-point in the correlation, that is

Ho:|p1 — po| <A wversus Hy:|p1 — po| > A,

where

_ f]R2 (33 - fRZ UFi(d% dv))(y - f]R UFi(du» dv))Fi(dIL’, dy)
{fR2 (x — fR2 uF;(du, dv))?F;(dz, dy) ng (y — fR2 vEF;(du, dv))?F;(dzx, dy)}1/2

denotes the correlation of the distribution function F; (¢ = 1,2). Consider the functional

pi = 0(F;)

_ Jae 2y (F (s, dz, dy) — sF(1,dx, dy))
{ Joo (@ — [ uF (1, du, dv))?F(1,dz, dy) [o(y — [ vF (1, du,dv))2F(1,dz, dy)}

(I)corr<F) (S)

1/2
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defined on the set F C £>(]0,1] x R?|R) of functions such that all integrals exist. If F} and F
denote the distributions of the two-dimensional vector (X,Y") before and after the change-point
and

Ep pi(s,z,y) = (s NO)Fi(x,y) + (s — t) 4+ Fy(x,y),

then a straightforward but tedious calculation yields a representation of the form (3.11), that is

Ueon(s) 1= ®eon(Erypy0)(s) = (st = st) Jyo 2y(Fy = Fo)(de dy) _ (s At — st)(B(F)) — O(F)).

{(ps — 12) (s — v3)}"/?

Recall the definition F,, (s, z,1y) = % ZQLZ‘;J I{X,; <z,Y,; <y}, and define U, (s) = eor(F,,) (),
then it follows that

R F,(s) — sF,(1
(A.23) 0(s) = ——t LTl
V(2 = (2)?) (03 — (1)?)
where F,(s) = %ZJLZSH XY, and fi; = %Z?zl X 0= %Z;;l Y (i = 1,2) denote the
common estimators of the moments E[X?] and E[Y?] (i = 1,2). Similar arguments as given in
Section A.1 yield

Y

{\/H ((ﬂl,ﬂmﬁl,ﬁz,Fn(s))T - (M1>M27V1,V2,EF1,F2,t)T)} :D> {H(S)} cl0.]

s€[0,1]

where {H(s)}sc(0,1 is a centered Gaussian process. Now weak convergence of the process {@n(s)}se[o,u
follows by the functional Delta-method and a tedious calculation. The details are omitted for
the sake of brevity.
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